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Chirality

~v5s and axial transformations

e For this section, we’ll be working in the Weyl representation, where the v matrices look like:

ST I T € ) B Y () R

The Weyl basis is used when discussing chirality because 4° is diagonal, and its eigenvalues are immediately

clear. The +1 eigenspace is the left-handed chiral subspace and is spanned by Dirac spinors which are

nonzero in their top two components, and the —1 eigenspace is the right-handed chiral subspace and

spanned by spinors which are nonzero in their bottom two components. We typically describe these
1

eigenspaces with 1/2 time the eigenvalue of 75, which is called the helicity h and is either —i—% or —j.

e 5 satisfies the following properties, which you’ll prove on the problem set:
()" =15 {7,755} = 0. (2)

e We can write an arbitrary Dirac spinor (note this also follows from last recitation, where we decomposed
50(3,1) 2 su(2) @ su(2)) as a stacked left-handed and right-handed fermion:

o= (1) ®)

where 1, (Yg) is a left-handed (right-handed) Weyl fermion.

e Chiral projectors: We can project ¥ onto its left-or right-handed components with projectors:

1 1-—
_ + 75 Pp = 75‘ (4)

P
L 9 9

These projection operators are actually extremely important in the Standard Model; it’s a chiral gauge
theory, which means that it has different couplings to left-handed fermions vs right-handed fermions. As
a result, there are P;, and Py factors everywhere, since you need to be able to isolate the components of
a fermion which have a given handedness. Note that these are orthogonal projectors, i.e.

P:=p, P2 =Py PLPp = PpP, =0 P,+Pr=1 (5)

e The Dirac Lagrangian, B
L= —ith(§ —mp (6)

is invariant under the vector transformation 1 (z) — ¢**1)(z), and the conserved current is called the
vector current:

gt =0y (7)
From the expansion of ¢ into left-and right-handed spinors, Eq. (3]), we can see what the action of this
symmetry is on Weyl spinors, the transformation just treats each handedness equally:

) YR — €“Pp. (8)
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e The axial transformation is the phase transformation which rotates vy, and g in opposite directions.
We can write it with Dirac spinors as,

P > €5, (9)

or with Weyl spinors as,

Y €Yy Yr e YPp. (10)

v5 allows us to perform opposite phase rotations on the left-and right-handed components of the Dirac
spinor. With a massive Dirac field (Eq. (6))) the mass term prevents the axial transformation from being
a symmetry of the theory, using the relations of Eq. (2,

M = mapt ) - male @06y = 06200 = ey, (11)
However, if we set the mass term to zero, then the axial transformation is a symmetry. The reason for
this is that the kinetic term @y has two v matrices in between 1! and 9 (since ¥ = ¥'7%), so the sign
flips on the €' that we get from the axial transformation cancel out:

Lsz = _ZE$¢

T —iarys 4 04 0 iarys T A M, —TaYs Li0rys (12)
— —i)le Y Ate O, = =iy "yt e "o = Lo

e Using {7*,75} = 0, note that everytime we push a chiral projector through a  matrix, it swaps chirality:
Pyt =2"Pg Pry* =~"Pp. (13)

Let’s abuse notation a bit and denote ¢, = Ppy and ¢r = PR@. Then, Eq. implies that
Y = Ppp = (Prip)'y° = TPy = ¢ Pp g = VP (14)

What these equations mean is that the antifermion associated with a left-handed fermions is right-handed,
and vice versa. For example, in nature we’ve only ever observed left-handed neutrinos (which by itself is
an interesting topic of discussion). This implies that any antineutrino we’ve seen must be right-handed.

We can use these equations to easily decompose any term with fermions into left-and right-handed
components, and then immediately see if the term respects chiral symmetry. For example,

U = P(Pp, + Pt = Y PLPLY + YPrPrip = gt + ¢ bR (15)

This term is clearly not invariant under an axial transformation (we will also say it is not invariant under
chiral symmetry) because g and 1y, rotate in opposite directions, so the term picks up a nonzero
phase under an axial transformation. In other words, the mass term couples v, to ¥, and vice
versa.

We can also decompose the kinetic term using this method:

VI = pP(P, + Pr)p = v@PLPLY + YPPrPrip = Y PrdPL + Y PLPrip

- JLaiﬁL + ER('ZWR (16>

'Really, Pr is still a Dirac spinor, and not equal to 1y, since Pr = (%L>; here we’re identifying the 2-component Weyl

spinor ¥y, with the 4-component Dirac spinor Pr.
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As perhaps an easier way to see this, consider the action of this term under a transformation by (ayr, ag),

Y > ey Yp > € g, (17)

where we rotate ¢, and ¥ independently. If there is a term which couples together ¢;, and 1g (as in the
mass term), then for independent o, and g, this is not a symmetry of the theory. The only symmetry
which is valid is when they're both equal, a;, = ag, which is the vector symmetry. In a term which only
couples Yy, to ¢, and vice versa, this is still a symmetry, because ¢, and g are independent. This
shows us that chiral symmetry is present in systems in which v; from ¢z are decoupled.

e In the massless case, we can apply the Noether procedure to get a conserved current:

oL

Ui €PY(x) ~ P iy 4 = Ay = i(159)a o = —i(Y7")a (18)
9(0ut)a)
Putting these together gives us the axial current j,:
74 = Py sy (19)

Index notation for spinors

A great resource for all that we’ll talk about in this section is Srednicki’s QFT book, chapters 33 - 36. This
topic is not usually discussed in QFT classes at all (maybe a little bit in QFT III depending on the professor
you have), but I find it really helps to illuminate why Majorana fermions look the way they do, and why
the matrices i0? and 42 pop up everywhere! But again, I want to emphasize that this is beyond the scope
of this course- this is very technical material, and the goal of putting it here is to give you exposure to it
and perhaps enable you to make a few connections you might otherwise not be able to see.

e Recall: The Lorentz algebra so(3, 1) factors into two su(2) subalgebras,

50(3,1) = su(2) @ su(2), (20)
which allows us to write each irrep of the so(3,1) as (j4,j_), where j,,j_ € {0, %, 1, %, ...} enumerate
the irreducible representations (irreps) of su(2). We'll focus on the left-and right-handed Weyl irreps,
which have the labels (3,0) and (0, 3), i.e. are composed copies of the spin-1 representation of SU(2):

o = (%0) sp(JF) = %Ui s(J7) =0 (21)
on = (0, %) sn(JH) =0 6 (J7) = %a (22)

Likewise, the corresponding Lorentz transformations are determined by the above equations as:

Sp(A) = e~ 29w s(T") = = gem L Sr(A) = e~ 89msr(T") = o= gwm 2R (23)
Here we've defined the generators in the LH and RH Weyl representations, 7" = s.,(J#*") and likewise
¥ . This is very similar to the notation we're using in class for ¥#* = {[y*,~"], which is the generator of
Lorentz transformations in the Dirac (bispinor) representation. In fact, since the Dirac representation is
just a direct sum of the LH and RH Weyl representations, we can write ¥* = S/" @ X = diag(X)", ¥%).
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The chiral anomaly
The axial current is very interesting because although it should be conserved from Noether’s
theorem, it’s actually not! The symmetry breaks once quantum fluctuations are included. Essentially,

g =0+ O(a) (24)

where « is the fine-structure constant. At tree level, j/4 is conserved, but if you compute it in
perturbation theory at one-loop order you’ll find that the current is no longer divergenceless. This
divergence is proportional to a wedge product of the QED field strength F),,:

. a e’
Oujh = EGI BFWFOCB. (25)

A symmetry of the theory at the classical level which is not a symmetry of the full quantum theory is
called an anomaly, and this specific anomaly in the axial current is called the chiral anomaly.
Anomalies happen in symmetries all over the place in QFT, and you’ll see a lot of examples of them
as you get more QFT under your belt. They also yield a lot of very interesting physics; for example,
the chiral anomaly heavily constrains the matter structure of the Standard Model.

If the point of a conserved current is that the action is invariant under the transformation, then how

do anomalies enter the theory? It’s easiest to see where they enter using the path integral. Consider
— —

the partition function for a theory under a symmetry of the action, (¢, ¢) — (¢, 4 ):

Z — /D¢DE€ZSW71/)] — Z/ _ /Dw/leeiS[wlvw/] = Z. (26)

Z' = Z because it’s just a change of variables in the integral. Since this is a symmetry, the action
changes by a surface term, i.e.

SW, %) = Sk, 9] + / &' 9,2 (@) (27)

and from the Noether procedure we can usually construct j& with a vanishing divergence. However,
the underlying assumption that 9,j* = 0 when using the Noether procedure is that the measure
DyD1' is not invariant under the symmetry, so we can equate d,j* with 0. In most cases,
this holds; but when there is an anomaly, this is no longer true. In this case, the change in measure
can be parameterized WLOG as the following,

DY/ DY = DD + / d*z A (28)

which gives the anomaly,
Oujs = log(A) (29)

The "conserved current” j£' is no longer conserved!

e 5u(2) index notation for spin i: To understand how to work with the irreps of the Lorentz group, we
2 g
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need to understand how the fundamental representation of su(2) operates. Recall that the fundamental
representation of su(2) is:

1

dy(J) = 50u D1 (U) = ez (30)

1
2

(NI

where U = ¢/ is an arbitrary element of SU(2). We’ll use index notation here and be careful about

the placement of the indices (we’ll see why in a second), so we can write these as:

(4). - (3). (y00). = (). <31>

A vector v € C? transforms under SU(2) by the appropriate multiplication,
Ve D(U) tuy. (32)

We'll also define a raised-index version of this in a second, but first we need to talk about the Levi-Civita
symbol.

The point of using index notation is that for SU(2), the Levi-Civita symbol ¢, functions as the
metric when we use index notation. Just like the equation ATnA = n that we've been working with all
semester for the Lorentz group, we have the equation,

D(U),*D(U), €ca = €a €ab = ((1) _01) . (33)

If you want to convince yourself of this, I would recommend starting with a rotation D(U(2,0)) = e?393,
since o3 is diagonal. €., therefore functions like a metric, with one important caveat to what we’ve seen
before: its inverse € is:

e = (_01 (1]) e = 3, D(U),“D(U) e = e (34)
which is not the same as ¢g,.

e The Levi-Civita symbol is used to raise and lower su(2) indices:

v = %o, Vg = €’ (35)

Why do we care about all this? This is all we need to implement a well-functioning index notation for
SU(2); the important property is that the "metric" €,5 is unchanged by SU(2) transformations. The
reason we want an index notation is so that we can easily form SU(2) invariants. For example, one
of the huge advantages of index notation for the Lorentz group is that we know what quantities are
Lorentz invariant. The important point is that from Eq. , it immediately follows that any
object with contracted upper and lower indices is SU(2)-invariant. For example,

v, = vy S (D, (U)v) (D, YU )wq) = €“vawg = v w,. (36)

So, we can build SU(2)-invariants from raising and lowering the appropriate number of indices!
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e What are io, and 7? doing? One last thing I want to point out before we go back to SO(3,1): what
are the matrices ioy and v? doing, and why do they show up so much when talking about symmetries?
Let’s start with 705 and its conjugate:

(0 =i 0o 1\ L
20222(7: 0)2(_1 O)zeb 10y = —i09 = €gp. (37)

So, anytime there’s a iy or i} in an equation, we're really raising and lowering SU(2) indices! For 2,
we can look at it in the Weyl basis,

o (0 —ioa) [0 e _ 0 e®
7_(102 0 )_<eab 0)_ (eab 0) (38)

It’s just two copies of the € tensor, which mixes spinor components as appropriate with its block-diagonal
structure. Charge conjugation, which uses 72 quite frequently, is very closely related to raising and
lowering SU(2) indices.

e Let’s move back to the Lorentz group to see how this works with the left-and right-handed Weyl
representations. The idea here is that both the left-handed (%, 0) representation and the right-handed
(0, %) representation tell us how spinors transform. A LH / RH spinor just transforms in the fundamental
representation of SU(2), where the appropriate generators (either J* for LH or J~ for RH) are sent to

%0'. This is made explicit with:

$r(a) = exp (—%wwzg") Pu(A 1) $r() ~ exp (—%wwzsg”) pr(A ) (39)

(note that this immediately follows from writing out the Dirac spinor ¢ as (¢, 1¥r) and using > =
diag(3}”,X%)). Let’s write this out in SU(2) index notation. Since ¢y and g live in different
representations, they must have different types of indices, since for example [S7”, 9] = 0 (they
live in different spaces, S just treats ©¥pr as a scalar). However, both 1, and g live in SU(2)
representations, thus they both need SU(2) indices. We’ll therefore distinguish between left-and
right-handed spinor indices with a dot, i.e. use ¢¢ for left-handed spinors, and % for
right-handed spinors. Thus, writing out the previous equation in index notation:

Vi (x) — exp (—%WWSZ”) Yo (A1) Yh(z) — exp (—%wuysg”) . %(A‘lx) (40)
b b

e Hermitian conjugation: The hermitian conjugate t acts on the Lorentz group generators J* as:
(JH=J7. (41)

What does this imply for taking the Hermitian conjugate of a spinor, i.e ¢y, or ¥g? Well, this means
that ¥ maps a LH Weyl spinor to a RH Weyl spinor, and vice-versa. This is made explicit in index
notation. Starting with ¢¢ and %, their hermitian conjugates are

’ i (42)

Note that hermitian conjugation interchanges dotted and undotted indices, but it leaves
the position of the index unchanged, i.e. an upper index stays an upper index.
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e Mass terms: Now we’ve reached the punchline, and we're finally going to see a payoff for the work we've
put in here. Given Weyl spinors \* and &[], what Lorentz invariants can we form? There are
a few that we can construct by contracting the appropriate indices (and remembering that we can only
contract undotted with undotted and dotted with dotted). Let’s first consider the Lorentz invariants
which have both fields. These are called Dirac masses:

&TLXG Xm&z (43)

Note that to construct a hermitian mass term for the Dirac theory, we need to add the two terms
together:
Dirac mass = x*£} 4+ x™&,. (44)

We can also use only the same fields, which are called Majorana mass terms:
X*Xa £, xXxd ghog] (45)
Let’s write these out in index notation. We have:

X" (—ioa)x " (io2)€ X' (—io2) x* M(ioy)€”. (46)

Anytime you’re working with spinors and see a transpose or bare conjugate (not a ), you're probably
working with Weyl spinors and suppressing the indices (check out Sections 10.6.1 and 11.3 of Schwartz
for an example of this). You should find that these terms look very similar to what shows up in problem
3e and 4e on your problem set this week: it’s not a coincidence. You'll show this on your problem set as
well, but I'll point out here that these terms vanish unless x and & are anticommuting numbers, called
Grassmann numbers.

e Dirac fermions: It is conventional to put the LH Weyl spinor into a Dirac spinor with upper indices, and
the RH Weyl spinor in with lowered indices:
o= (%) (@

We've made many claims in the last few weeks that 1) is Lorentz invariant. We're finally in a position
that we can easily see it! We get:

do=uio= (@) (1) (1) =it b (48)

This is exactly the Dirac mass we constructed in Eq. , and it’s manifestly Lorentz invariant because
we’ve contracted together all the dotted and undotted indices in the correct ways! Without the 1Y in
the middle of the bilinear, we wouldn’t be able to form a Lorentz invariant, since we can’t contract y'®
with x¢, they have different indices.

2Note here we’ve dropped the "L" and "R" subscripts, but the dots on the indices tell us the chirality of the spinors! It’s
also conventional to start with a raised index on left-handed spinors and a lowered index on right-handed spinors.
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e Charge conjugation: Charge conjugation is very easy to write down with this notation. All it does is
swap the components of the Dirac spinor, Eq. , and lower / raise the appropriate indices. Written
both with and without index notation, the charge conjugate of ¢ is defined as:

c __ g*a c __ 7:025* A2
() = (12) = »

Charge conjugation sends column vectors to column vectors, which is why we’re conjugating instead of
daggering. It’s significantly simpler to write down in index notation, and a lot more informative! That’s
the beauty of this notation: the physics is much more clear.

e Majorana fermions: A Majorana fermion is what you get when you take a left-handed field x* and throw
it in the bottom component of a Dirac spinor as well as the top component:

o= (=)

Plug this into the Dirac mass term and see what comes out: it’ll be a Majorana mass!

Propagators

e Propagators: We're getting to the point now where propagators are becoming more complicated objects,
because the objects they’re telling us about have additional structures that we need to worry about.
For the Dirac theory, the two-point function is a matriz in spinor space, i.e. Dp(x,y) = D%ﬁ(x,y),
where «, # are Dirac spinor indices. The propagators now tell us the probability amplitude for a specific
component of wg(y) to propagate to position x:

D (,y) = (QUT{va(2)Ps(y)}|2). (51)
For the free theory, the momentum-space propagator is:

o !
D¥ () = e (52)

Here the 1/(matrix) just means the inverse of the matrix.

e One way to rearrange this propagator is to multiply by the conjugate in the bottom and use (f)? = k*:

i 1 ik +m
Dyp(k) = —if 4+ m — e (ik+m) (53)
ik +m

TR+ m?—ie
You've already seen this written out in class, but it’s worth looking at this form a bit more thoroughly.

e Let’s look at a scaled version of the numerator:

Py = ikt +m) (54)

Py
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When £ is on-shell, this is just a projection matrix, since it’s idempotent:

R 3

The question is: what space does Py project onto? By the completeness relations,

> ug (k) (k) = if + m, (56)

the projector Py is just the projection onto the space spanned by the spinors {US(E)}S:LQ. To visualize
this more concretely, at given k*, a basis for the space of Dirac spinors is {u;(k), ua(k), v1(k), va(k)}.
We can write out an arbitrary spinor as:

&= Au(k)+ > Bag(k). (57)

The projection operator Py projects £ onto the u, components because of the orthogonality relations

ay(Byon (), i.e. ]
Pré =Y Asus(k). (58)

e Antifermion propagators: Propagators for the antiparticle D (k) have the same projection properties,
which we can see by relabeling momentum arrows and relating it back to the propagators for the particle,

since (by swapping z,y in Eq. (51)))

B 1 B —if+m
i+ m—ie K2+ m?—ie

Dp(k) = Dip(=k)

(59)

The projection operator ﬁk = —if + m just differs from Py by a relative sign, and it can be expanded
in terms of the antiparticle spinors:

> v (k)v, (k) = =ik +m. (60)

This means that applying Py to & will isolate the antiparticle part, Pyé = > vr(lg), so when we look at
an antiparticle propagator, the projection matrix in the numerator just projects us onto the space of
antiparticle spinors {v,.(k)},.

e This is not an accident. We’ll see when we get to the photon that it has the same structure, and this
structure holds generally for any type of field with any type of indices. A propagator can generically be
written as,

(projection operator)
k? +m? — ie '
For the photon, it’s described by a field with one Lorentz index A*(x), so the propagator will have two

Lorentz indices, (Dg)" (z,y). The projection operator will be a matrix in Lorentz space, and we’ll see

. MLV . .
that it equals n*" — %k k’; , where 7 is an arbitrary parameter.




