8.323 52022 Recitation 8: Dirac Theory Patrick Oare

The main questions motivating the discussion today:

1. What do the representations of the Lorentz group look like?

2. Why do we need four-component objects?

3. How do we write down Lorentz transformations on Dirac spinors?

We might not have time to get to all of them, but I'm hoping to at least provide an overview of the broader
framework here, and where Dirac theory fits in mathematically with the Lorentz group.

Review of Dirac algebra

e The Dirac equation can be derived by decreeing that (x) satisfies a Lorentz covariant equation of
motion which is first order in time and space, and produces the Klein-Gordon equation (as we want v
to satisfy the relativistic dispersion relation). He found that he could only do this by promoting v (z) to
a four-component Dirac spinor v, () so that the coefficients in his equation were matrices, where
a € {0,1,2, 3}E]. The Dirac equation is

(70 —m)p(x) = 0 (1)

where v* are the Dirac v matrices which satisfy the Clifford algebra:

{727y =20 (2)

(note that the RHS is really n**1, where 1 is the 4 x 4 identity matrix). Note that the Clifford algebra
implies that

(v")* = -1 (3)

+? will play an important role when we talk about parity. For one last bit of notation, the Dirac slash
of a four-vector a* is

¢ =" ay. (4)
e Two specific representations of the v matrices (note that in this notation, each component is a 2 x 2
block matrix, so when we write ¢ we really mean i 1549, etc.).

1. The Dirac representation: In this representation, «° is diagonal:

r-( ) RO

This representation is useful when studying massive objects which are close to their rest frame,
because in this case p® = E >> [p], so in momentum space the Dirac equation becomes approximately
block-diagonal:

(—ip —m)p = (ip™° +m)y = 0. (6)

!Note that for Dirac spinors, the location of the index is not important; upper and lower indices mean the same thing.
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2. The Weyl representation, where

() (b )

This representation makes studying relativistic particles much easier, for reasons related to chirality
that we’ll get to. The basic idea is that chirality in the Dirac theory is intimately related to the s

matrix, which is diagonal in the Weyl basis:
1 0 >
: (8)
Weyl (O -1
In any representation, taking hermitian conjugates is easy:

()T = 729#4°. (9)

v5 = i7°7 %y V5 =

e The Dirac conjugate of v is,
U=yl (10)
The ~ is needed for Lorentz invariance; something important to remember is that 71 is not Lorentz
invariant; however, ¥ is Lorentz invariant. The Dirac action is given by:

5:—@/&@w$—mm. (11)

e The X* matrix is defined as,

v Z v
¥ = Zh’”,v ]. (12)

This is the generator of Lorentz transformations in this representation! We’ll explore this more
later. To perform a Lorentz transformation A = exp(—3wx,J AP) with parameters w,,, you use X

S(A) = exp (—%WAPZ’\/)> P(x) — S(A)p(A ). (13)
These satisfy a variety of nice properties that you’ll prove on the problem set, including:

S(AS(A) T = (A" S(A)F = —"S(A) 71", (14)

e Example: Boosting and rotation a Dirac spinor in the z-direction in the Weyl basis. To boost a particle
by rapidity 3, we set wy3 = —ws9 = [ and all other components of wy, = 0. This means that we need to
compute X%, which is:

-1 0 0 O
i dro s A[(0 @ (0 —ic*\] if=® 0\ _i[0 10 0
> _4[7’7]_4{(1' 0)’<i03 0o J]720 0 )72l 0 01 0 (15)
0 0 0 -1
So, to act this boost on a spinor 1(x), we see that we need (the % cancels from the w33 term):
e 0 0 0
0 €2 0 0
5 _ - H503)
S(6z; boost) = exp (—wz ) = 0 0 P2 0 ) (16)

0 0 0 e P2
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Representation theory

This section will have a bit of review from recitation 3, and introduce some new elements that we’ll need.

e The Lorentz algebra s0(3,1) is generated by matrices (J*)*, (or equivalently, the matrices {J;, K;}
which generate rotations and boosts and are packaged together in J*?), which satisfy the algebra,

T TP =i (T = T T ) a7

and each Lorentz transformation A in SO(3,1) can be written as an exponential of 7,
A = l Ap 18
= exp —§w,\pj . (18)

e A representation of the Lorentz algebra is a map d : s0(3,1) — gl(V'), where gl(V') is the space of
all linear transformations on a vector space V', such that:

[d(T°P),d(T*")] = d([T**, T*)). (19)

We didn’t focus much on this condition in the previous recitations, but we’ll be focusing on it today.
Any representation of the algebra must respect the Lie bracket.

e Any representation of s0(3,1) induces a representation D : SO(3,1) — GL(V) of the Lorentz group,
since A = e~ 2937

LxA):exp(—%wMﬂajﬂw) D(A)D(As) = D(AsAy). (20)

o If afield U*(x) lives in a representation, i.e. ¥*(z) € V, the field transforms under Lorentz transformation
A as:
U (x) — D(A)™WP(A ). (21)

Intuitively, what this means is that to transform a field, we transform its internal indices according to the
representation it lives in, and we transform its spacetime location by the inverse of the transformation.
For example, think about scalar, vector, and tensor fields, which respectively live in the 1, 4, and 16
representations of the Lorentz group?] The transformation law for each is,

d(z) — ¢(A 1) At (z) — A" AY (A1) T (x) — A“QA”ﬁTQB(A_lx). (22)
What this tells us is that D;(A) =1 (the 1 x 1 identity matrix), D4(A) = A%, and Dyg(A) = A* A5

e An invariant subspace W of a representation V' is one that is mapped into itself under all possible
Lorentz transformations, i.e.

DAMNW ={DAN)w :w e W} CW. (23)

The advantage of looking at invariant subspaces is that they are the building blocks of larger representa-
tions. If W < V is invariant, then one can prove that W+ < V is also invariant, so you can decompose

V into a direct sum of two subspaces,
V=WaoWw, (24)

2When we talk label a representation, we usually label it by its dimension. For the scalar field, V' = R, for the vector field,
V =R*, and for the tensor field V = R16.
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and because each subspace is invariant, the action of SO(3,1) restricts itself to each subspace, i.e.
D(A)|w : SO(3,1) = GL(W) and D(A)|y+ : SO(3,1) — GL(W) are both valid representations (you
need to invariance condition of W and W+ so that the restriction map is well defined).

A representation is irreducible (we call it an irrep) if the only invariant subspaces of V' are {0} and V'
itself; in other words, there are no smaller building blocks to decompose V' into other than the trivial
ones. Representation theory in physics often boils down to classifying the irreps of a group, since once
you understand how the irreps work, you understand how all other representations work.

Irreps of SU(2)
Pauli matrices are everywhere in Dirac theory, and this isn’t accidental. The best way to understand
the representations of the Lorentz group is to understand the irreps of SU(2). SU(2) is the Lie
group of 2 X 2 unitary matrices with determinant 1:

SU(2) = {U € My,»(C) : UTU = UU' = 1,det U = 1}. (25)
The corresponding Lie algebra su(2) has basis {.J;, Jo, J3}, where J; satisfy the following algebra:

[Ji, J]] = ieijkjk' (26)
Recall this means that for each U € SU(2), we can write U as an exponential /i as 0;J; is an
arbitrary element of su(2). In quantum mechanics, the J vector is just the angular momentum
operator. We'll specify an irrep of SU(2) by finding an irrep of su(2), i.e. by finding a map
ds : su(2) — gl(V,.) such that d,(J) satisfies Eq. (26]). Here the index s enumerates the irreps of
su(2). It turns out that there is a unique su(2) irrep for each dimension; if r is the dimension
of the irrep, then r can take any value {1,2,3,...}. We label the irrep with s € {0, 3,1,32, ...}, which
is related to r as r = (2s + 1), which should look familiar! You’ve seen these representations before:
this is just spin s particle, where r = (2s + 1) is the dimension of the irrep, i.e. the number of

orthogonal states a spin s particle has. For exampleﬁ] for spin-1/2:

(J) = %a, (27)

d1
2
where o are the Pauli matrices. Note that S = o /2 are the spin operators for spin-1/2. For spin 1,
the irrep is 3 dimensional, and so d;(J;) are each 3 x 3 matrices. These are written down in terms of
the Wigner D-matrices:

1 010 1 0 — 0 10 0
di(J1))=—41|1 0 1 di(Jo))=—41t 0 —1 di(J5) =10 0 0 28
) V2 010 2 V2 0 ¢+ 0 o 00 -1 .

This applies equally well to any spin you want, and classifies all the irreps of su(2).

“For r =1 (spin 0), you get the trivial representation d; (J) = (1), the 1 x 1 identity matrix.

e Example: the representation 4 is irreducible, and called the fundamental representation. However,
the tensor representation 16 is reducible, and decomposes into three invariant subspaces:
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1. The scalar subspace 1, spanned by the metric n** (since this is invariant under Lorentz transformations

2. The antisymmetric subspace of tensors A" = —A~"#, This is denoted as 6, and invariant because if
A" is antisymmetric, so is D1g(A)A, since

(D1g(M)A)™ = A A5 AP = —AF A AP = —(Dig(A) A)™. (29)

3. The symmetric, traceless subspace of tensors S* = S*#, denoted 9.

The decomposition of 16 into irreps is therefore:

16=106¢09. (30)

e Summary: This is a lot to process, and I want to highlight a few points:

— We typically write down representations by specifying where the generators of the representation
go, i.e by specifying a vector space V and a map d : s0(3,1) — gl(V) which satisfies Eq. (19)). This
is because once we specify d, we know what the group representation looks like, since we can just
exponentiate the generators.

— Irreps are the building blocks of all other representations.

Representations of the Lorentz Group

e We'll be focusing on the Lorentz algebra, Eq. , to try to understand what the irreps of the Lorentz
group look like. The key point in this is that the Lorentz algebra looks like two copies of su(2).
To see this, we can look at another basis {J:*} for the Lorentz algebra,

1
These {J;*} also generate so(1,3), we just haven’t looked at them yet because they don’t have nice
physical interpretations like the other bases we’ve looked at, which are {J**} or {J;, K;}. However,
they’re very important for studying the representation theory of the Lorentz group. Their algebra is:

(55, 5] = i i [T, JF) = 0. (32)

[ want to emphasize that this Eq. is equivalent to Eq. , and if we had written out the commutation
relations for {.J;, K;}, it would be equivalent to those as well. The reason that we're considering {J*}
now is because their algebra, Eq. , is simply two independent copies of the su(2) algebra,
which we understand well! This means that {.J;"} generates an algebra which is isomorphic to su(2),
and likewise for {.J; }, so the Lorentz algebra decomposes as a direct sum,

50(3,1) = su(2) su(2). (33)
—— =~
iy

The reason that this is so important is that we know exactly how to classify the irreps of su(2), so we
can use this knowledge to classify the irreps of so(3,1).
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Combining Lie algebras
Eq. decomposes the Lorentz algebra as a direct sum of two su(2) subalgebras. In general if we
have a decomposition of algebras,

g="0h1® b, (34)

how do we relate the irreps of g to the irreps of h; and b7 The answer is the tensor product. If
we enumerate the irreps of by as {(d,, V,)}. and the irreps of hy as {(dy, W) }p, then the irreps of
g="bh1® by are,

{(da ® 6y, Vo @ W) }ap- (35)

The reason for this is that each pair of irreps (d,, d,) gives us a unique irrep of g, so we need to
enumerate a and b independently, as a tensor product does.

e Irreps of the Lorentz group: Using what we just worked out in Eq. , we can enumerate the
irreps of the Lorentz group with a label

(0 7-) (36)
where j,,j_ € {0, %, 1, %, ...} label the representations of su(2). We’ll label the representations equiva-
lently as d;, ; , or just with the (j,j_) labels. Note that the dimension of each irrep is just the product
of dimensions of j, and j_:

dim(jy,j-) = (274 + 1)(2j- +1). (37)
If j, 4+ j_ is an integer, we call it a tensor representation, and if j, + j_ is a half-integer, we call it a
spinor representation.

e Examples: The fundamental irrep 4 can be denoted in this convention as (1,1), and the irrep 9 of
symmetric traceless tensors is denoted (1,1).

e Spinor representations: The representations

d) = (%0) dp = <0, %) (38)

are called the left-handed Weyl and right-handed Weyl representations of the Lorentz group (the
name should suggest a link to what we’ve been doing in class). The dj, representation sends J+ to %a
and J~ to 0, and from that we can work out what boosts and rotations look like:

1
dL(J+) = -0 dL(J_) =0
2 Z (39)
dL(J) 250' dL(K):——O'
The dr representation does the opposite and has dg(J) = %a’, dr(K) = %0’. From these equations, we
know what dp(J") and dr(J") look like, i.e. we have:
0 —’iUl —iUQ —igg
1 101 0 03 —02
py —
dL(j ) 2 iUg —03 0 o1 (40)
103 09 —01 0
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This means we know how to perform Lorentz transformations on these representations, since:

DL(A) = eiéwkde(jAp) DR(A) = efé“’)\de(JAp) (41)

e d; and dg are both 2-dimensional representations, and their physical interpretation is that d; describes
left-handed spin-1/2 particles, and dr describes right-handed spin-1/2 particles. To describe
particles which don’t have a specific handedness, we take a direct sum:

1 1
S:dLEBdR: (5,0)@(&5), (42>

is called the Dirac representation, or the bispinor representation if you want to sound fancyE].
Note the dimension of the representation is 2+2 = 4, in other words, the elements that this representation
acts on are four-component vectors. It turns out that these are one and the same of what we’ve been
looking at with Dirac theory: the Dirac representation is exactly what we’ve been looking at. To see
this, let’s revisit the example from earlier and see what a boost of 32 looks like in these representations.

¢ Example: Computing the boost of Eq. in the Dirac representation. In the LH and RH Weyl irreps:

7 7

dp(J%®) = dp(K3) = —503 dr(J%) = 573 (43)
On a Dirac spinor, we take a direct sum to see what the boost looks like in the Dirac representation
v [— 0
S(T%) = di(JT7) @ dn(T”) = 5 ( 0 ) =x% (44)
3

This is exactly what we should expect to see, since the bispinor irrep describes Dirac particles!

e Connecting it all back: Since we're using the bispinor representation, we can connect this back to
notation that we're used to. The generator of Lorentz transformations in this representation is
Y Eq. , which is given by the algebra representation s(J*”) in the representation theory language:

T = s(TM). (45)
The group representation is given by S(A), and is given by Eq. (20):
S(A) = e 59 (TY) = gm50n =Y (46)
Name (j+,7j—) Label Dimension Irrep?
Singlet (0,0) 1 Y
Left Weyl (1,) (3,0) 2 Y
Right Weyl (/%) (0,3) 2 Y
Dirac (bispinor) (5,0)®(0,3) 4 N
Fundamental (vector) (3,3) 4 Y
Antisymmetric tensor (1,0) & (0,1) 6 N
Symmetric, traceless (S,,) (1,1) 9 Y

Table 1: Low dimensional representations of the Lorentz group. The representations that we’re interested
in when we study Dirac theory is the Dirac representation.

3The Dirac representation is reducible; it is not an irrep!




