8.323 S2022 Recitation 5: Correlation functions Patrick Oare

Path integrals for free theories

e Intuition for path integrals in field theory: Take the limit of the following equation:

/ D[¢(2)]e’™? — lim / Hd¢ JeiS@l@nll, (1)

Here {z#}, enumerate some discretization of spacetime (i.e. a 4D lattice), and do(z,) = d¢, is an
integration variable which allows the field at the point z* to vary over all possible values. Draw out the
example in 2D.

e The path integral is used to compute correlation functions of operatordl}

G = (Q T{d (). b(a1)} [2) = Zi / DIg(@)]eS W) g(x,)...(1), (2)
operators functions

where [Q2) is the vacuum state. These correlators tell us about fluctuations in the vacuum that we get in
quantum field theory, which are intuitively induced by uncertainty relations between time and energy.
Here Z; is the vacuum normalization,

Zy = / Dlg(x))es@) (3)

e Gaussian integrals with path integrals: The n-dimensional Gaussian integrals that we did in the previous
recitation generalize to full path integrals. Let’s work this out for the free scalar field, where the action
is of the form:

1
Ste) = 5 [ d'e dy o) K (z,0)0(0) K(ry) =00 —y) (- +m?). (4)
We can generalize the generating functional that we discussed last recitation,

1= [ Distlep i [ ats(20.0,0) + 321000 | 5)

where J(z) is a source. This integral is evaluated in exactly the same way that we evaluated integrals
in the previous recitation, just generalizing everything to functionals:

= [ Disteexn (5 [ ats st e ot +1 [ ate st Q
- e (5 [ ety a@ e 0)). (7

Note here that K1 is nothing less than the time-ordered two-point correlation function Gg(z,y). For
correlation functions, since we divide through by Z[0], we can see that the prefactor in front will just

IThis equation holds in both a free and in an interacting theory— however, to actually evaluate the path integral, we’ll
need to assume a free theory.
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cancel out, so we won’t have to evaluate the functional determinant. To evaluate an n-point function,
we take:

Ot o(e}0) = 5 (=ize ) oo (=570 )

The generating functional tells us everything about the theory we’re studying: if we know it, we can
compute all the correlation functions of the theory.

Z[J]. (8)

J=0

e A note about convergence: Here we're considering oscillatory integrands, although last week in
recitation we worked with exponentially decaying integrands. We can go from one to another with
impunity because for a > 0, the following integrals both converge to the same value:

/du e = \/g /du e’ = % (9)
R R

This also holds for the multi-dimensional case, since this is derived from diagonalizing this matrix and
forming n copies of the one-dimensional case:

2m)n i 2"
/ dr e hmAT = —éelr)A / " bt — —(dgil. (10)

Many books will just use exponentially suppressed integrands interchangeably with oscillatory integrands.

e Wick’s theorem for the path integral: Just like in the multivariate case, we can use Wick’s theorem to
construct correlation functions from the generating functional in a free theory. We have:

OIT{d () d(@1) }0) = > K (w0, 1) K (e, 24) (11)
Wick
where here {(x,,xp), ..., (xc, £4)} sums over all Wick contractions of {xi, o, ..., x,}. The explicit form of

K~Y(z,y) is the time-ordered Green’s function,

d*k —1

ik(z—y) 12
(2m)* k2 +m? — ie” (12)

K7 (a.9) = Gr(a.y) = O (olao)}o) = [

e Example: evaluating (0|7{¢(x4)...¢(21)}0) in the free theory. We can just apply Wick’s theorem:

OT{p(z4)d(x3)P(22)P(71) }0) = Gr(z1, 22)Gr(23, 24) + GR(T1, 23)G R (T2, 74) + Gp(71, 74) G R (72, T3)

(13)
We saw this equation before when we looked at this correlation function from the Hamiltonian perspective.
For notation, another way that we typically look at this is with Wick contractions:

1 f—{ﬁ—w r T T 1

(P(24)p(w3)d(22) (1)) = (P(74)P(T3)P(22)B(21)) + (P(4)P(73)P(22) (1)) + (D(74)P(23)P(72) (1))

= (D(24)¢(3)) (D(22)D(21)) + (P(24)D(22)) (P(w3)P(21)) + (D(wa)P(21)) (D (23)P(2)), "

where each Wick contraction represents a pairwise way to evaluate a two-point function. You can
represent this diagrammatically as well, which I'll do during recitation.
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e Free vs interacting theories: We’ve probably already said these words in class before, but I want to
formalize this here. A free theory has an action which quadratic in the field ¢ (we’ll see a similar thing
for spinor fields later in the course). If we add any other term to the action, that term is an interaction,
and we have an interacting theory, for example in a ¢* theory:

£(6,0,6) = ~(09)* + m¢? + 56" (15)

One of the really nice things we get out of looking at a free theory is that we can do the path integral
explicitly. Free theories yield Gaussian path integrals, which we’ve just shown that we know how to do.
The ease with which we can do path integrals for free theories means that as we go through this course,
we’ll be doing path integral for interacting theories in terms of the free theory path integral, which we’ll
use perturbation theory to do.

The vacuum state

You'll notice in the previous equation that I wrote out |€2) as the vacuum state, but previously I was
writing |0). There’s a reason for this notational difference. We’ll use |0) to denote the vacuum state
of a free theory (i.e. a theory which only has a kinetic term and a mass term), and |2) to denote
the vacuum state of an interacting theory. These are different states, and since we know how to
do QFT with a free theory, we understand the structure of |0) much better than we do |€2). Later in
this course, we’ll clarify this difference a bit more, and we’ll use perturbation theory to understand
the behavior of |2) in terms of |0).

Wick rotation

e A Wick rotation is a change of variables + rotation of the integration contour that allows us evaluate
oscillatory integrals as integrals in Minkowski space. You won’t be heavily using this technique until you
start doing loop integrals in QFT II, but it’s interesting and relevant so I thought it would be fun to go
over.

e The motivation behind Wick rotation is to write path integral in a way that is exponentially decaying,
rather than oscillating. Let’s consider the vacuum normalization path integral,

Z[0] = / D|¢(x)] exp (z /R dt / d%ﬁ). (16)

The time integral runs over R, but we can use Cauchy’s theorem to rotate it to an integral over the
imaginary axis. We do this for the positive and negative real numbers separately. For the positive real
numbers, Cauchy’s theorem implies,

</+lim/—|—/ )dt/d3f£:0:> dt/d?’fﬁz/dt/deﬁ, (17)
R+ r—00 . 1+ R+ 1+
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assuming the integrand is holomorphic (which we will do). The same thing holds for the negative real
numbers, and so we have successfully rotated the contour of integration,

/Rdt/d?’fﬁz /Idt/d?’fﬁ. (18)

Now, we perform a variable redefinition and define ¢ = i7, where 7 is the Euclidean time. It is named
like this because in these coordinates, the metric becomes Euclidean:

ds* = —dt® + dF* = dr* + di”. (19)
Minl?gwski Eucfi:iean

Because the metric is now (1,1,1,1), we can treat this space like R*, and in particular we can use
identities that we expect from Euclidean space. If we use our new variable definition in Eq. (18], we see
that the integration of dt over Z now just becomes an integration of dr over R,

R R

where we’ve now put tags on the Lagrangians and actions denoting if they’re evaluated in Euclidean or
Minkowski space. The moral of the story is this: assuming we're integrating a holomorphic function,
we can rotate and redefine the variable integration to allow us to perform an integral in
Euclidean space.

o Let’s see what Wick rotation does to the path integral:

2(0) = [ Dlo(@)e9 = [ Dig(a)e 9, 1)

Wick rotation turns the oscillating integral into an exponentially decaying integral! Doing an exponentially
decaying integral in Euclidean space can be a whole lot easier to do perform in many situations, and in
many rigorous formulations of QFT, this is what is used.

What’s in a correlation function?

e My research is in lattice QCD, where we try to perform the path integral numerically to evaluate
correlation functions. It’s an approximate method (we're discretizing spacetime, so it has to be
approximate), but it’s the only way we know to evaluate the path integral non-perturbatively, and we
can control the systematics that enter the computation as well. The intuition behind this is to discretize
(Euclidean) spacetime, and so the path integral just becomes a very high dimensional integral:

/mmwﬁﬁjm 22)

where here ¢, = ¢(z,,) is evaluated at the lattice sites, and the number of integrals here scales like the
size of the lattice, N ~ L? x T'. To give you an estimate, I'm currently doing work on a 483 x 96 site
lattice, so the integral is 10-million dimensional.
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e To do integrals that are very high dimensional, we need to use the fact that we're in Euclidean space.
That’s because in Euclidean space, the action can be interpreted as a probability density,

(QT{O(,).- O Q) =[] / e 519" O(21)...0(2,), (23)

and we can evaluate this integral by sampling field configurations which obey this probability distribution
P(¢,), and evaluating the observable on each field configuration.

e Correlation functions contain all the information about the system that we need. To illustrate this, let’s
evaluate the correlation function of a pion interpolator:

Co(p = 0,1) = > _(Qxx(a,t)xE(y, 0)|2). (24)

w?y

You can think of x, as the pion field, which can create or destroy pions, and the sum on « and y is doing
a momentum projection to pion states which have 0 three-momentum. We can compute a correlator
like this with lattice QCD. Once we have the correlator, we can compute the mass of the pion by
inserting a resolution of the identity,

1= 5 ool (25)

n

where here |n) are the energy eigenstates of our theory. Using the Heisenberg evolution of y.(z,t) in
Euclidean space as x,(x,t) = ety (x,0)e " and acting the e~ on the set of energy eigenstates |n),
we can write the sum out as:

2

) e Ert) (26)

Colp=0,6) = (% Q'S x(@. 0)ln)

time—independent

where F, is the energy of the state. The nice thing about this is that E,t is exponentially decaying, so
if we take the large ¢ limit, we isolate the ground state of the system, in which Fj is just the mass of the
pion:

Cy(p =0,t) — (const)e ™" (27)

We can compute Cy(p = 0,t) explicitly using lattice QCD, and fit the data to extract the pion mass.

Scattering Overview

We will likely do this next week in recitation 6.

e Scattering is the main way that we study interactions between particles in QFT. It gives us a way to
connect what we’ve been doing to experiments which can be done at a collider. We'll review some of the
main ideas Hong presented this week in lecture here, and then elaborate on this next week.

e The main setup for scattering is to prepare a state with definite 3-momentum katt = —00, let it
propagate and hit a (localized) potential, and see what happens to the state as t — +o0.
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e In QFT, the scattering process is encoded in the S-matrix, which is an operator that has matrix
elements given between initial states |7) and final states |f):

{f1S]i) = (f;t = ooli,t = —o0) = (f|U (00, —00)]i). (28)

S-matrix elements are essentially just matrix elements of the time-evolution operator U (oo, —oc0). The
next few lectures are going to go over how we compute these S-matrix elements in an interacting theory.
We'll see that they’re intimately related to correlation functions, and

e The T-matrix: Here "T" stands for "transfer". The T-matrix encodes information about the physics

which is actively doing the scattering,
S=1+1T, (29)

and is the portion of the S-matrix that we’ll be interested in, since the identity part just corresponds to a
particle freely propagating. The scattering amplitude M,_, is the non-trivial part of the T-matrix,

(BIT|a) = (21)'0 (pa — ps) Mass (30)

7

Vv
momentum conservation

and is the portion of the S-matrix which we’ll be trying to compute for the rest of this course. The
scattering amplitude is the quantity that we’ll relate to observables like the differential cross section.

e Differential cross sections:

e QM scattering from central force potentials: You may remember from your QM classes that we often
solve central force scattering problems by determining the scattering amplitude f:

e do

Y(r,0,9) < ——f(0,9) - = 19 (31)

This is essentially the same formula as we have with do/dQ) in terms of |M,_5|*.




