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The Path Integral in QM

• The path integral gives us a way to evaluate correlation functions by discretizing time and breaking the
amplitude for a process up into a sum on all possible paths. The equation in class that we’re interested
in is:

Z ≡ 〈xb, tb|xa, ta〉 =

∫ x(tb)=xb

x(ta)=xa

D[x(t)] exp

(
i

∫ tb

ta

dτL(x, ẋ)

)
(1)

• The path integral integrates over all possible paths: even unphysical ones where |ẋ| > c, and paths
which are not continuous! Paths that are not allowed just have an exponentially suppressed weight in
the action: but they’re still there.

• The principle of stationary phase allows us to take the classical limit of Eq. (1). Let’s restore units:

Z =

∫
D[x(t)] exp

(
i

~
S[x(t)]

)
(2)

The classical limit of this is ~→ 0, when the argument of the exponential gets huge. This is a highly
oscillatory integral, and when ~→ 0, you’d essentially expect no contribution from most points in the
region of integration. That’s because in this limit, the oscillation frequency gets higher and higher,
and you get destructive interference between neighboring paths. However, there are certain stationary
points where there can actually be a contribution to the integral.

Let’s consider the toy model from the homework:

z =

∫
R
dxeiλf(x) (3)

and think about an arbitrary f(x), let’s pick a Gaussian for visualization purposes. In a general region
x ∈ [a, a+ δ], assuming that f changes significantly (more on this in a second), the contribution to the
integral from this region will vanish. That’s because as λ→∞, variations in f will make λf take on
many possible values as λ→∞, and eiλf will oscillate very frequently and cancel itself out. In this case,
the contributions to the integral from neighboring points destructively interfere with one another.

The other case is when f has a stationary point x0, where f ′(x0) = 0. The idea behind this is that if f
has no derivative at x0, then then the contribution of x0 and its neighboring points to the integral z will
constructively interfere with one another. f ′(x0) = 0 means that f doesn’t vary around x0 to first order,
and therefore eiλf actually has the time to contribute to the integral in this region before the destructive
interference starts again. The way to see this (which you’ll do fully on your problem set) is to Taylor
expand f(x) = f(x0) + 1

2
(x− x0)2f ′′(x0) + ..., so that:

z =

∫
R
dx eiλ(f(x0)+

1
2
(x−x0)2f ′′(x0)+ 1

3!
(x−x0)3f ′′′(x0)+...)

= eiλf(x0)
∫

R
dx e

i
2
λ(x−x0)2f ′′(x0)

(
1 +

iλ

3!
(x− x0)3f ′′′(x0) + ...

)
(4)

= eiλf(x0)

√
2πi

λf ′′(x0)
(1 + higher order︸ ︷︷ ︸

pset problem 4

)
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You can see this in the following figure. Here the red curve is f(x), where f is picked to be a Gaussian.
The only stationary point in this domain is at x0 = 2, which is denoted by the dashed black line. The
integrand eiλf(x) is depicted on the right, and we can see that there is destructive interference everywhere
except at the stationary point.
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(a) f(x) = a Gaussian, centered at x0 = 2.
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(b) Integrand eiλf(x), with λ = 1000.

In the path integral, this works in the same way, except now a stationary path xc(t) is defined to be a
path where the functional derivative vanishes:

δS

δx(t)

∣∣∣∣
xc

= 0. (5)

If you haven’t seen the functional derivative notation before, we’ll explain it in a few minutes. This
is a really striking result– it says that in the classical limit, the only paths which contribute to the
path integral are the paths which don’t vary the action at first order, i.e. the principle of least action!
Applying the functional derivative to the general form of the action gives us the Euler-Lagrange equations
for the theory.

A dictionary between discrete and continuous dofs

QFT with path integrals is essentially the same thing as doing Gaussian integrals with an infinite number of
degrees of freedom. Let’s think about how linear algebra, integration, and matrix equations port over when
we go from a discrete number of degrees of freedom to a continuous variable. We’ll use a red implication
arrow to denote that we’re taking a discrete expression into a continuous one, i.e =⇒ .

• Degrees of freedom: the first thing to think about here is what happens to a particle when we’ve
evaluated its position at different times ti, as we take ∆t→ 0. In this case, the vector xi just goes into a
continuous function x(t).

xi ≡ x(ti) =⇒ x(t) (6)

So we started off with a discrete vector, and when we take the continuum limit we get a function. The
“components" of the function (thinking about vector components like xi) are just the points that we
evaluate it at.
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• Sums: A sum just goes into an integral, so:

∆t
∑
i

=⇒
∫
dt. (7)

• Functions: A real-valued function of xi goes into a functional, which maps a function to a real number:

f(xi) =⇒ F [x(t)] (8)

The functionals that we work with will generally be an integral of some function of x(t), and they can
also be functions of other points τ :

F [x(t)] =

∫
R
dt f(x(t)) Hτ [x(t)] =

∫
R
dt h(τ, t)x(t). (9)

• Derivatives: These are more complicated. In finite dimensions, a derivative acts on a function of xi.
With continuous dimensions, a derivative becomes a functional derivative, which acts on functionals:

∂

∂xi
=

∂

∂x(ti)
=⇒ δ

δx(t)
(10)

For the functional derivative, we’ll define it akin to a normal derivative, but with a little more machinery.
The idea is that to differentiate a functional F [x(t)], we can perturb x(t) by a test function η(t)
and consider how much F varies. When we write out the definition of the directional derivative for a
multivariate function, this may make a little more sense:

∆f [xi, ni] = lim
ε→0

1

ε
(f(xi + εni)− f(xi)) =

∑
i

ni
∂f

∂xi
(11)

=⇒ ∆F [x(t), η(t)] = lim
ε→0

1

ε
(F [x(t) + εη(t)]− F [x(t)]) =

∫
dt η(t)

δF

δx(t)
(12)

So, we consider the variation from perturbing the path x(t) by εη(t) (we put the ε in to emphasize that
it’s a small perturbation), and we strip off all dependence on η(t) to define the functional derivative.

• Matrices in finite dimensions become operators in continuous dimensions, since each index becomes a
continuous variable:

Aij =⇒ K(t, τ). (13)

Differential operators are often used in this context by appending a δ(t− τ) to them. For example, a
familiar one (now using the field theory language) that you’ve seen before is this operator:

K(x, y) = δ(4)(x− y)(−∂2(x) +m2). (14)

Here the (x) subscript means that it’s the Laplacian with respect to the x variable.

• Matrix products: The sum just gets integrated over (this should explain why Hong kept calling this
“matrix multiplication" during lecture):∑

j

Aijxj = bi =⇒
∫
dτ K(t, τ)x(τ) = b(t). (15)
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• Matrix inverses: these just extend the usual definition, which is defined so that if you contract A with
A−1, you get the identity δij (note that the Kronecker δ becomes a Dirac delta δ(t− τ) with continuous
degrees of freedom). The defining equation for an inverse is:∑

j

Aij(A
−1)jk = δik =⇒

∫
dτ K(t, τ)(K−1)(τ, t′) = δ(t− t′). (16)

This equation should actually be familiar to you from the last few weeks. It’s the definition of a Green’s
function: ∫

d4z δ(4)(x− z)(−∂2(x) +m2)︸ ︷︷ ︸
K(x,z)

G(z, y) = δ(4)(x− y) (17)

−→ (−∂2 +m2)G(x, y) = δ(4)(x− y). (18)

Eq. (18) is straight out of Hong’s notes for the definition of a Green’s function.

• Eigenvalues and eigenvectors: we can go right from the definition:∑
j

Aijvj = λvi =⇒
∫
dτK(t, τ)f(τ) = λf(t). (19)

A good example of this is the derivative operator, K(t, τ) = δ(t− τ) d
dt
. Its eigenvalue equation is exactly

what you’d expect, ∫
dτδ(t− τ)

d

dt
f(τ) =

df

dt
(t) = λf(t), (20)

and we see that the eigenvectors are just eλt, exactly what you’re used to.

• Trace and determinant: These are just defined in their usual way as the sum (integral if the spectrum
is continuous) or product of the eigenvalues of the operator. It’ll usually end up being divergent, but
in a lot of applications, you’ll end up needing to consider ratios of Det(A) or Trace(A), which can be
convergent.

Gaussian integrals

Resources: Zee pp. 14-16, Appendix A; Schwartz pp. 254-255.

• The nth moment of the standard Gaussian integral is defined as:

〈xn〉 =
1∫

dxe−
1
2
ax2

∫
dxe−

1
2
ax2xn. (21)

In QFT these moments of the path integral will correspond to correlation functions. The easiest way to
compute 〈x2n〉 is to differentiate the normalization integral I(a) ≡

∫
dx e−

1
2
ax2 =

√
2π/a n times with

respect to a:

〈x2n〉 =
(−2)n

I(a)

∂n

∂an

∫
dx e−

1
2
ax2 =

(2n− 1)!!

an
. (22)
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• The generating functional Z(J) provides us with a way to compute 〈xn〉 that is easier to generalize
to higher dimensions:

Z(J) =

∫
dxe−

1
2
ax2+Jx = eJ

2/2a

√
2π

a
〈xn〉 =

1

Z(0)

∂n

∂Jn

∣∣∣∣
J=0

Z(J) (23)

where the closed form can be computed by completing the square, and the expression for 〈xn〉 can be
seen by differentiating the definition of Z(J). In computing 〈x2n〉, the first ∂/∂J brings down a factor
of J/a. Since J is set to 0 at the end of the computation, one of the remaining (2n− 1) derivatives must
hit the factor of J . This leaves an equation we can induct on to get the same result as before:

〈xn〉 =
n− 1

a
〈xn−2〉 =⇒ 〈xn〉 =

(n− 1)!!

an
. (24)

• In N dimensions with x ∈ RN , we can generalize the generating functional to help us perform integrals:

Z(J) =

∫
dnx e−

1
2
xiAijxj+J ·x 〈xi...xk〉 =

1

Z(0)

∂

∂xi
...

∂

∂xk

∣∣∣∣
J=0

Z(J) (25)

where A ∈ RN×N is a symmetric N × N matrix and J ∈ RN is the source vector. The generating
functional can be computed by diagonalizing A and factoring Z(J) into N copies of its 1D counterpart:

Z(J) =

√
(2π)n

detA
e

1
2
JiA
−1
ik Jk . (26)

Applying the same logic as in the 1D case, ∂/∂xk brings down A−1k` J`. One of the remaining derivatives
must eliminate the J` term, so summing over these possibilities yields:

〈xi...xk〉 =
∑
Wick

〈xaxb〉...〈xcxd〉 =
∑
Wick

A−1ab ...A
−1
cd . (27)

We are summing over Wick contractions of the index set {i, ..., k}, which is the set of pairs that we
can form from {i, ..., k}. We will often denote the contraction with a connector. For example:

〈x1x2x3x4〉 = 〈x1x2x3x4〉+ 〈x1x2x3x4〉+ 〈x1x2x3x4〉 = A−112 A
−1
34 + A−113 A

−1
24 + A−114 A

−1
23 . (28)
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