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Contour integration

See handwritten notes.

Symmetries

e A Lie group G is a manifold with a group structure. A Lie algebra g is a vector space equipped with a
Lie bracket [-, -] (a commutator). The Lie algebra g implements infinitesimal symmetry transformations,
and the Lie group G implements finite symmetry transformations.

e The exponential map relates elements of the Lie algebra to the Lie group. If I have an element A € g
of the Lie algebra, I can get a corresponding element of the Lie group by:

g=etecd (1)

The nice part about this is that the Lie algebra parameterizes the Lie group. Since g is a vector space,
we can write out A = A%* where {t*} is a basis for the Lie algebra. Then if I specify the coordinates
A® (just an n-tuple of numbers), I can write down any symmetry operator I want.

e Ex: Rotations in quantum mechanics. For a spin 1/2 system, rotations are implemented with the
exponential of the angular momentum. The rotation operator is:

Uij2(, 0) = exp(—ifn - 0/2) (2)

were o is the vector of Pauli matrices, o = (0,,0,,0,). Here the Lie algebra is su(2), and spanned by
the Pauli matrices— a basis for su(2) is {o,, 0y, 0.}, and as such we can write any element of su(2) as
—0n - o /2.

e Ex: Lorentz group. The Lorentz algebra so(1,3) is spanned by the tensor J#, or equivalently the
boost or rotation generators K;, J;. We saw in the first recitation that we can write down any Lorentz
transformation as:

A =exp (%wuyj“”) (3)

where w,,,, contains 6 independent real parameters (boost and rotation angles) that parameterize the Lie al-
gebra. In the context of what we’re doing here, we see that s0(1, 3) is spanned by { 7%, 7%, 7%, J2, J13, J%},
and so any element of the Lie algebra is written as a linear combination of these J", i.e. w,, J"".

e Another example: Conserved charges H and P’ in QFT. These are generators of time and spatial
translation, respectively. They generate the Lie algebra for translation, and an arbitrary element of
the algebra can be written as Ht — P'a’ = —P,a*. We exponentiate this to get finite symmetry
transformations:

U, = exp (iHt — iP'z") = ¢~ """ (4)

e A Lie group (algebra) is typically pretty abstractly defined. To act it on a vector space, we need
a representation of the group or algebra. For a vector space V', a representation of G is a map
D : G — GL(V), where GL(V) is the space of invertible linear transformations on V. Likewise, a
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representation of g is a map d : g — gl(V'), where gl(V') is the space of all linear transformations on V.
All a representation does is it gives us a way to act a symmetry group on a vector space.

e Given a representation of the algebra, we can induce a representation of the group by:

D(g) = e )
where g = ¢4 as in Eq. (1.
e Let’s consider our Fock space:
H=\0)® {a£|0> keR} @ {a2a1,|0> kK eRYa ... (6)

To act a Lorentz transformation A € SO(1,3) on an element |¢)) € H, we need a representation of
SO(1,3) on H. To specify the representation, we can simply show us where it sends the generators to,
i.e. we can specify d(J""), since:

1
Un = D(A) = exp (5‘*’;“/ d(j“”)) _ (7)
This equation is important! Fields of different spin in QFT all correspond to different representations

a(gm™).

e Conserved charges M,,: The representation that we use to act symmetries on our Fock space H is:

Ao (JP) = MW — / L (aiak a: — (O ai)m) —(u ) (8)
o 2/ (2m)3 kR VURTR

This means that we want to act a Lorentz transformation on a state, let’s say a one-particle state |l§> for
concreteness, we just need to act U, on it:

. . i .
|k) — Unplk) = exp <§wWM’“’) k). (9)

e Invariance of a state under symmetries. For a state |2) which is conserved under a symmetry U,
we require that it is unchanged by the symmetry, U|Q) = |Q). In the language we've been using,
since U = ¢4 for generators A, invariance of |Q) implies that generators map the state to 0.
For example, the vacuum in QFT is invariant under time-translation, spatial translation, and Lorentz
transformations. This implies that:

H|0) = P'|0) = M*"|0) =0 (10)

Note that |0) is the vacuum state, and 0 is the zero vector— these are different things!
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Complex fields

e Complex fields: For a scalar field theory with complex fields, ¢ and ¢* are now independent degrees of
freedoms. They can both be expanded with two types of creation and annihilation operators:

o d3]§ 1 —iwrt4ik-E T iwgt—ik-@
o(Z,t) = 2n)? 2w~(a’;€ F + bre' ) (11)
k
.o Bk 1 —iwottik-E iwpt—ik-&
k

Here ay, aj; create and destroy particles, and by, b% create and destroy anti-particles. When ¢ was a real

field, the reality constraint ¢ = ¢* removed the second set of creation / annihilation operators from the
equation, but when ¢ is complex you must include the second set of operators b;. Note that:

[ag, bg] = [al, bg] = [az, 0] = 0. (13)

e Physical intuition: a}%|0) creates a particle from the vacuum with momentum k. How do you create a
particle localized at position 7 Let’s see what ¢(Z,t) does when it acts on the vacuum:

d3E 1 E = dBE ]_ P T
— _ —i xbi _ —ik-% L 14
(2, 0)10) /(2#)3 \/2_%;6 k|0> \/(2%)3 QWEe k) (14)

NV
Antiparticle wave packet at &

So, this creates an antiparticle with momentum k. If we want to create a particle, we instead need to
act with ¢*:
Bk 1 o
* —*’0 0) = = =ik L u 15
CEO = [ e W (15)




