Probability

Patrick Oare

Resources

These notes pull from a variety of resources, mostly affiliated with MIT’s 18.675 class, Theory
of Probability. In particular, these notes are based on:

e Yair Shenfeld’s probability notes and lectures for 18.675.
e Rick Durrett’s textbook, Probability: Theory and Examples.

e A variety of other internet sources that I will cite in the text when appropriate.

Common notation

e Limits: x, T x means lim,, z,, = ¢ and x,, < x,41 is increasing. Likewise for z,, | x.

e Sets: A, T A means U;A; = A and A, C Ap+1 and A, | A means A =M;A; and A, O Apyg.

Limit supremum / infimum: Note x,, converges iff lim sup,, z,, = lim inf,, x,,.

lim sup x,, = lim sup x,, = inf sup z,, liminf x, = lim inf z,, = sup inf x,,. (1)
n nom>n " om>n n n m>n n m>n

Limit supremum / infimum for sets: Note that sup <> U and inf <> N.

limsup 4,, = ﬂ U A, = A, io. lirr%inf A, = U ﬂ A, = A, ev (2)

n m>n n m>n

x Ay =min{z,y} and x Vy = max{zx,y}.



1 Introduction

Probability is the study of randomness. Almost everyone is familiar with this concept from real
life, and the mathematical theory of probability seeks to rigorize our notion of probability into a
well-defined mathematical field. The question “what is the probability that I roll a 2 on a fair
six-sided die?” necessitates a large amount of mathematical background to study formally, despite
how intuitive it is to ask and answer. The reason for this is that most of the mathematics we
study are deterministic, and study well-defined outcomes. In contrast, probability is inherently
non-deterministic; to study randomness in a deterministic way, significant amounts of structure
need to be defined on the space we are interested in.

The broad setting for studying probability in a rigorous manner is measure theory. My notes
on measure theory will provide a bit more of an in-depth background, but here we’ll go over the
main points that are used in probability. The main way that the measure theory we will discuss
here will differ from general measure theory is our use of probability measures, which will put
a constraint on the measure spaces that we study to have finite measures so that we can normalize
them.

The basic notions of interest in probability are random variables; one can think of these like
variables that are allowed to fluctuate and take on random values. Studying measure theory will
allow us to integrate random variables, and yield important properties of random variables like
expectation, which will tell us about the “average size” of a random variable.

After building up the foundations, we’ll discuss a few specific applications of probability theory
that show up everywhere in mathematics and data analysis. The first is the law of large numbers,
which tells us about how large, on average, a sum of i.i.d. random variables is. The second is the
central limit theorem, which is possibly one of the most important results in mathematics. The
central limit theorem will yield a way to approximate the distribution of the partial sum of i.i.d.
random variables as a Gaussian, a notion that we will make more precise later.

Add martingales and Markov chains



2 Measure theory

Let € be a set, which we will call the sample space. An element w € 2 is called an outcome.
Intuitively, €2 is the set of possible outcomes of an experiment. A (measurable) subset of (2 is called
an event; to discuss probability, we will discuss the probability that an event occurs. A o-algebra
F is a collection of subsets of €2 that can be measured; formally, it’s a subset of the power set of
Q, F C 29, with properties that we’ll specify shortly.

Example 1: Why do we measure events, not outcomes?

The reason we discuss the probability of events rather than outcomes is that for continuous
probability distributions, the probability of a single event occuring is zero. For example, if 1
pick a number uniformly from the continuous interval [0, 10], the probability of this number
equalling 7 is zero. However, if I talk about the probability that the number picked is in the
interval [3.14, 3.15], then suddenly the probability is non-zero and can be quantified; it equals
(3.15 — 3.14)/10.

On the other hand, if we’re looking at a finite sample space, then we often do want to
talk about the probability of a single outcome occurring, for example the probability of rolling
2 on a fair six-sided die. The advantage of the o-algebra definition is that this still lets us
discuss the probability of individual outcomes; we can simply talk about the probability of
the singleton set {2} € F, rather than the probability of the number 2 € Q.

With these preliminaries out of the way, we can now move on to the definitions.
Definition 1: o-algebra, measurable
A og-algebra F is a collection of subsets of 2 such that
i) Qe F.
ii) If A€ F, then A°:=Q\ Ae F.

iii) If A; € F are a countable collection of disjoint sets in F, then
UAZ' e F. (3)
i

An element A € F is called a measurable set. A pair ({2, F) is called a measurable space.

Note that this definition immediately implies that () € F for any o-algebra F. One typically thinks

of F as the amount of information we have at our disposal about §2; the reasoning for this will

be evident as we move through these notes. For any sample space, we can always construct two

different o-algebras: the trivial o-algebra F := {(),Q}, and the o-algebra F := 2. Neither of

these choices give us any information about the space, since we always know that § C F C 2.
Given this definition, we can now define the notion of a measure.

Definition 2: Measure space

A measure space is a triple (€2, F, u) such that (2, ) is a measurable space and p : F — R>g
is a function called a measure, which satisfies:



i) u(@)=0< pu(A) for each A € F.

ii) For any countable disjoint A; € F, we have

" <|_| Ai> =3 (A (4)
where L; denotes the disjoint union over 1.

Definition 3: Finite / o-finite / probability measure
Let i be a measure. p is called
e A finite measure if u(Q) < co.

e A o-finite measure if 2 can be covered with a countable number of E; € F such that
,u(E,) < 0.

e A probability measure p(2) = 1. In this case, we often use the symbol P to denote the
measure .

Of these types of measures, the one that is least familiar is likely a o-finite measure, but most of the
examples of measure spaces you’ve run into before are at least o-finite, if not finite or probability
measures. The canonical example of a o-finite space is R equipped with the Lebesgue measure
(that we will construct later) which satisfies P[(a,b]] = b — a. We can cover R with a countable
number of intervals (n,n + 1] for n € Z, all of measure 1, which shows this measure space is o-
finite. The reason we often discuss o-finite measures is because this condition adds some regularity
to the space. A handy thing to keep in mind when working with o-finite measures is the following
proposition:

Proposition 1

Let p be o-finite. Then WLOG we can take E; 1 © (meaning U;E; = Q and E; C E;41), or
we can take the E; to be disjoint.

An interesting feature of measure theory is that we typically cannot measure all subsets of a
sample space: that is, F C 29 is a strict subset of the power set. The reason for this is that if we
make F too large, we often run into inconsistencies in our definitions of probability measures. So
typically (at least when we’re working with continuous sample spaces) we’ll need F C 2% strictly
(when we work with finite or countable sample spaces, we will usually take F = 2 and we don’t
run into these issues). The classic example of why this occurs is called the Vitali set.

Example 2: Vitali set

The Vitali set|is an interesting counterexample that is used to show that the Lebesgue measure
cannot be defined on the power set 2%, the largest o-algebra containing R. Let P be the
Lebesgue measure on [0,1). The only important property that we will need is that P is
translationally-invariant, i.e. for 7 € R we have P[A + r| = P[A], where we identify + as
addition mod 1.

Define an equivalence relation on 2 by x ~ y iff x — y € Q, and partition € into its
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equivalence classes, 2/ ~= R/Q. Let A := {exactly one element from each coset}. The
reason that this is a problem lies in the decomposition

Q= |_| A+r (5)

r€QN[0,1)

which you are encouraged to verify. Using the fact that this is a countable disjoint union,

1=PQ=P| || A+r|=> PlA+r]=) PA] (6)

reQn[o,1)

This gives us a contradiction, since it either says that 1 = 0 if P[A] = 0, or 1 = oo if P[A4] > 0.
The contradiction lies in the fact that we were not careful with our c-algebra. We
assumed every set was measurable, but given a measure, this is not the case at all.

We conclude this part of the section with a few more definitions.
Definition 4: o-algebra generated by a set

Let C' C 2% be a collection of events. The o-algebra generated by C, denoted o(C), is
defined as
o(C) := {smallest o-algebra containing C} = m S. (7)
C C S a o-algebra

Definition 5: Borel o-algebra

Let Q be a topological space with topology B (so B is the collection of all open sets on ).
The Borel o-algebra is defined to be o(B). We will denote the Borel o-algebra on R? as the
measurable space (R%, 0(By)), where By is the collection of open sets on R

The Borel g-algebra plays a natural role in studying the measure theory of R, since it’s quite natural
to ask that whatever measure we define is able to measure open sets on R. In some sense, the Borel
o-algebra is the coarsest o-algebra on R that conserves its topological information. To conclude

this section, we state some simple properties of measures.

Proposition 2

Let (Q,F, 1) be a measure space. Then we have the following properties:
1. Monotonicity: If A C B, then u(A) < u(B).
2. Subadditivity: If A C J; As, then p(A4) <>, pn(A;).

3. Continuity from below: If A; T A, then p(A;) T pu(A), where 1 is defined on Page 1 of
these notes.

4. Continuity from above: If A; | A and pu(A1) < oo, then p(A4;) | p(A).

Proof. The proofs are pretty simple:



1. Monotonicity: Here we apply a technique called disjointizing the sets. Since B = ALI(B\A4),
we have pi(B) = p(A) + u(B\ A) = u(A).

2. Subadditivity: We disjointize
i—1
Aj = A\ | Ax (8)
k=1

for i > 1 and A} := A;. Note that since A; C A;, monotonicity implies that pu(A%) < p(A),
and that by construction we have A C |J; 4; = | |; A;. Thus we see that

wA) < (Ll A;> = > u(A) <37 (4. (9)

3. Continuity from below: The fact that pu(A4;) < wp(A;41) is immediate from monotonicity,
so it suffices to show that the limit exists. This is done (surprise!) by disjointizing: let
B;:= A; \ Ai—1, and we have A = J; A; = ||, B;, and that A; = | |,_, Bg. Then

p(A) = p <|_| Bz) => w(Bi) = lim Y u(B;) = lim p(Ay). (10)
7 =1 i=1

n—00 4 n—00
4. Continuity from below: This follows from applying continuity from above to A3\ 4; T 41\ A
(the fact that p(A) is finite is necessary to cancel it from both sides of the resulting equation).

O]

2.1 Constructing measures

Now that we’ve gotten the basic definitions out of the way, we need to study how to construct
a measure. At this point, we don’t really have any interesting examples of measures; even the
Lebesgue measure, the “simplest” measure we can put on R, has not been rigorously constructed.
The idea is that we’ll construct a o-algebra in steps, each of which are successively more complicated,

semi-algebra — algebra — o-algebra. (11)

The definition of the measure will be quite simple on the semi-algebra, then the construction
process that we will soon define will bootstrap this measure up to the next level (algebra), then
finally extend the measure the whole way to the entire o-algebra. Let’s define these pieces.

Definition 6: Algebra

An algebra A is a collection of subsets of Q2 satisfying
i) If A€ A, then A¢ € A.
ii) If A; € A are a finite collection of disjoint sets in .4, then

LnJ A € A (12)

=1



So, an algebra is like a o-algebra except we’ve loosened the countable union constraint to be a finite
union. When constructing a measure, it turns out that it’s a lot easier to work with things that are
finite unions, rather than countable ones. The only difference between this definition and that of a
o-algebra is the countable vs. finite union. Now, let’s strip off a little more structure:

Definition 7: Semi-algebra

A semi-algebra S is a collection of subsets of ) satisfying

i) If A€ S, then

for some finite number of A; € S.

ii) If A; € S are a finite collection of sets in A, then
m A; eS8 (14)

This definition is a little more opaque; both of the criterion are quite different than things we’ve
seen before. However, a semi-algebra is actually the easiest one of these structures to think of an
example of: the collection of half-open intervals on R,

S:={(a,t] CR:a<b) (15)

is a semi-algebra, but nothing more! The fact that semi-algebras generalize collections of intervals is
hidden inside Eq. , since complementing an interval will not itself be an interval, but instead be
a disjoint union of other intervals. The reason that we make this definition is because semi-algebras
are easy to construct and work with, and they can always be naturally extended into algebras.

Theorem 1

Let S be a semi-algebra. Then the collection of all finite disjoint unions of elements of S,

S:= {|_| At A €S, A disjoint} (16)

i=1

is an algebra, called the algebra generated by S.

Proof. We'll show that S is closed under finite intersections. Let A = | | ; A; and B = |_|7]":1 B;
be element of S. Then

n,m
ANB= H AiﬂBng (17)
i=1,j=1
since each A;NB; € S by definition, which is a semi-algebra, and S is closed under finite intersections
because we can iterate this process. To show that S is closed under complementation, we just use
DeMorgan’s laws applied to A,

AC:<|_|Ai> :ﬂAg:ﬂUnA;jeé (18)
i=1 i=1 i=1j=1

where we decompose each A into a disjoint union of elements A/ ;€ S. This concludes the proof. [J
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Now that we’ve defined the basic collections of sets that we’ll be working with, we can move
on to constructing a measure. To do this, we’ll begin by defining a premeasure on an algebra A,
then show that this extends into an honest-to-goodness measure on o(.A).

Definition 8: Premeasure

A premeasure on an algebra A is a map p : A — R>( satisfying
1. p(A) > (@) =0 for each A € A.
2. If A; € A are disjoint and | |; A; € A, then

m <|_| Ai) = (4. (19)
We will also refer to i as a measure on an algebra.

The fundamental difference between a premeasure and a measure is that the premeasure is
only defined on an algebra, whereas a measure is defined on an entire o-algebra. However, note
that a premeasure is defined to be countably additive, not just finitely additive; this is a bit unique
considering that an algebra is only defined to be closed under finite unions, not countable ones.
This is the reason that in item (2) of Def. (2.1)), we needed to specify that | |, A; € A; this union is
not always an element of A!

Let’s move on and show how to extend a “measure” from the semi-algebra S to a premeasure
on S, then extend a premeasure on S to a full measure on o(S).

Theorem 2: Extension of ; from S to S

Let S be a semialgebra and p : S — R>¢ any function satisfying:
1. pu(0) =o0.

2. (Finite additivity) If Ay, ..., Ay, € S are disjoint with A =| |, A;, then
p(A) = 3 (). (20)

3. (Countable subadditivity) If A, A; € S with A = |, A; (a countable disjoint union) then

p(A) <D (Ay). (21)

Given such a pu, there exists a unique extension
T g — Rzo (22)
such that 7z is a premeasure on S.

Proof. We will sketch the proof, but more importantly we will define . The definition is fairly



immediate; for A = | | ; A; € A with A; disjoint, we define

AA) = 3 p(4). (23)
=1

To show this is a valid premeasure, we need to show that i is well-defined, and that it is countably
additive, which is easiest to do by showing that it is countably subadditive and superadditive. For
<, we can use sub-additivity of the function u, and for the >, the easiest method is to establish a
bound for finite unions, then take the number of sets in the union to oco. O

Theorem 3: Carathéodory Extension

Let 1 be a premeasure on an algebra A. Then there exists an extension of u to a measure on
o(A). If p is o-finite, then the extension is unique.

Carathéodory’s extension theorem is a central point in our discussion of measure theory, because
it will allow us to construct measures. Unfortunately, its proof is not as immediate as the previous
theorem, and there’s a large amount of machinery that we’ll need to do to prove it.

Definition 9

Let A be an algebra with premeasure p. Define a map p* : 2% — R>o by

p*(D) := inf {Z n(4i) : {Ai} € Adisjoint, D C |_|AZ} (24)

and let
A ={DCQ:VFCQ, u"(F)=p"(FND)+ u* (FND} (25)

We will see that p* is a measure that extends p on the o-algebra A*.

Definition 10: Outer measure

A function p* : 2% — R>¢ is called an outer measure if
1. (Monotonicity) D C F implies that u*(D) < p*(F).

2. (Sub-additivity) If F C (J; F; implies that p*(F) < >, u*(F).

Proposition 3

The function p* defined in Eq. is an outer measure. This implies that D C Q is a
member of A* iff VF C Q,

W' (F) = 1" (F (1 D) + " (F 0 D°). (26)

This definition looks a bit complicated, but it should make a lot of intuitive sense. u* gives
the measure of the smallest cover of D that we can construct from the sets in the algebra that



the premeasure is already defined on, and it explicitly puts in the countable additivity condition
by construction. Since the premeasure is only defined on elements of the algebra, we simply look
at the smallest possible cover living in the algebra that contains the set of interest. It is easy to
verify that p* is an outer measure. For this course, the definition of an outer measure is mostly
bookkeeping; but for other courses on measure theory, outer measures may take more prominent
roles. Now, we prove the existence part of Carathéodory’s extension theorem.

Proof (Carathéodory, Existence). The first thing to check is that p* restricts to p on A. This is
immediate, since the infimum will attain u(A) for any A € A. Next, to show that p* is a measure
on o(A), it’s actually easiest to show something a bit stronger: we will show that o(A) C A*, and
that p* is a measure on A*.

Proving that o(A) C A* is a bit complicated: it boils down to showing that A C A*, and that
A* is a o-algebra. We will show the former. Let D € A, and WLOG let F C D with p*(F) < oo,
as otherwise the result is trivial by Eq. . Let € > 0. Because p*(F') is an infimum, we can find
A; € A disjoint such that F C | |, A; and p*(F)+€ > >, u(A;). Then because A;N D, A;ND° € A
(as A is an algebra), p is additive over and restricts to p* on these sets, hence:

1(Ai) = p(A; N D) + p(A; N D) = p*(A; N D) + p*(4; N D). (27)

Summing these pieces up and using that F N D C | |; A; N D (as F is covered by {4;}) yields

W(F) +e2 3 ulA) = 3 (0 (AN D)+ 1 (AN D) = i (FND) + 4 (FAD). (o)

)

Since this holds Ve > 0, we have p*(F) > p*(FND)+p*(FND), which implies that D € A*, hence
we see A C A*. We will take for granted that A* is a o-algebra, hence this implies o(A) C A*.

It remains to show that p* is a measure on A*. We need to show countable additivity (that
p*(0) = 0 is immediate since p is a premeasure), so let A; € A* be disjoint with A =| |, A;. Most
of the work is done by using the fact that p* is an outer measure. That pu*(A4) < Y. p*(A4;) is
immediate from sub-additivity, and for the > direction since A D Y | A; for any n, we get

pHA) =) pt(A) = pt(A) = lim Yt (A) = (A (29)
i=1 =1 %

n—00 4

hence p* is a measure on A*. This concludes the proof and shows that (€2, A", u*) is a measure
space which extends the premeasure (A, u).
O

To prove uniqueness, we’ll have to do a bit more work and delve into the topic of m-A systems.
After this, we’ll return to the definitions in this section of (A*, ©*) and delve into the topic of
complete measure spaces, which should help us understand the structure of A* a bit better.

2.2 7-) systems

m and A systems allow us to split up the properties of g-algebras into the two aforementioned classes:
we will see that any collection of sets which is both a 7-system and a A-system is a o-algebra, but
intermediate collections of sets which are solely m-systems or A-systems are interesting in their own
right. To begin, we of course need to define these terms.
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Definition 11: w-system

A collection of sets P C 29 is a m-system if it is closed under finite intersections.

Definition 12: \-system

A collection of sets £ C 2% is a \-system if
i) Q el
ii) L is closed under set difference, i.e. if A, B € £ with A C B, then B\ A € L.

iii) L is closed under countable increasing unions, i.e. if A; € £ are countable with A; T A,
then A € L.

Note that by definition, any o-algebra F is both a m-system and a A-system. The converse
turns out to be true as well, generating the following theorem.

Theorem 4
A collection of sets F C 2% is a o-algebra iff it is both a m-system and a A-system.

Proof. The forward direction is easy, since o-algebras are closed under all the operations that form
both 7-systems and A-systems. For the converse, suppose F is a - and A-system. Then:

i) Q€ F by (i) of the A-system definition.
ii) For Ae F, A=Q\ A € F by (ii) of the A-system definition.

iii) To show F is closed under countable unions, first note it is closed under finite unions by De-
Morgan’s laws, (ii) of this proof, and the definition of a w-system. For countable intersections,
let A; € F, and form the partial sum B,, := U?zl A;. Then B, € F because it is a finite
union of elements of F, and B, T J; 4;, so (iii) of the A\-system definition implies | J; A; € F.

O]

In essence, we can therefore think of the w-system property as the additional property that a A-
system is lacking to form a o-algebra; it just needs to additionally be closed under finite intersections
as well as the A-system properties.

Theorem 5: Dynkin’s 7m-\ theorem
Let P be a w-system, and £ a A-system containing P, i.e. P C L. Then

o(P) C L. (30)

At first glance, this theorem does not seem like it would be crucial to our understanding of
extending measures, but 7m-systems will play a huge role in the remainder of the measure theory that
we discuss, and Dynkin’s -\ theorem lies at the heart of it all. The first immediate consequence
of this theorem is the uniqueness of measures defined on a w-system.

11



Corollary 1

Let P be a m-system. If r1,r9 are two measures such that r1|p = ro|p and if 3¢; € P such
that ¢; T Q with r1(¢;), r2(¢;) < 00, then

o) = T2lo(p)- (31)

Proof. Let ¢ € P such that ri(c) = r2(c) < 0o, and define L. := {D € o(P) : r1(cND) = r2(cND)}.
Note that P C L., since for any D € P, cN D € P because it is a mw-system, and the two
measures agree on P, hence ri(c N D) = ra(c N P). Furthermore, one can show that L. is a A-
system, hence Dynkin’s 7-\ theorem implies o(P) C L.. Thus, we see that if we have ¢ € P with
r1(c) = ra(c) < oo, then ri(cN D) = ro(cN D) for any D € o(P). To conclude, let ¢; € P with
¢i TQ and r1(¢;) = ra(c) < oo, which exist by assumption. We see that r1(¢; N D) = r9(¢; N D) for
any D € o(P), hence taking i T 0o, we have r1(D) = ro(D) for each D € o(P). O

This corollary completes the proof of the Carathéodory extension theorem, and we see here
why we are only guaranteed unique extensions of o-finite measures; our measure space needs to be
covered by a countable number of finite measure sets to apply the corollary.

2.3 Complete measure spaces

Although we're typically interested in o(.A), the smallest o-algebra generated by A, in the previous
cases we've been working with the o-algebra A*, which we have seen contains o(A),

o(A) C A" (32)

What is the difference between o(A) and A*? We’ll briefly explore this difference now: it turns
out that A* naturally arises from o(.A) if you with to add in a property called completeness.

Definition 13: Complete

A measure space (2, F, u) is complete if it contains all subsets of measure zero sets, i.e. if
N € F with u(N) =0 (we call N a null set) and G C N, then G € F.

Note that monotonicity forces u(G) = 0 as well. Completeness is a natural thing to ask for,
because if you know a set is null, then any of its subsets should be null as well. Not all measure
spaces are complete, though, because you typically have to do the work of adding in all null sets by
hand. In the general case, o(A) is not complete, but A* is complete. Given an arbitrary measure
space, we can always construct such a complete measure space by adding in all the null sets; this
new space is called the completion.

Theorem 6: Existence of a completion

Let (2, F, 1) be a measure space. Then there exists a complete measure space (€2, Fo, o) such
that po|r = p|F and

Fo:={SCQ:3F,N € F with u(N) =0and GC N st. S=FUG}. (33)

In other words, Fy is constructed by taking all unions of elements of F with subsets of any
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null set. Furthermore, (2, Fo, 110) is the smallest complete measure space containing (€2, F, u).

Proof. To show the completion exists, one must simply show that for S = FUG € JFy, the function
#(S) = p(F) (34)

defines a measure. This is easy to show, since if S; = F; U GG; € Fy are disjoint, then F; € F are
disjoint, hence

% <|_|Sz) = (I_'FlUGz> = <<|_|Fz> U <|_|G1>> = (UE) = ZM(E’) = ZM(Si)
7 (2 (2 (2 7 (2 (2 ( 5
since | |; G; is a subset of a measure-zero set | |; N;, and | |, F; € F. O

Definition 14: Completion
(Q, Fo, o) is called the completion of (2, F, u).

We're discussing this topic now because (€2, A*, ©*) is naturally the completion of (Q2,0(A), 1)
for sufficiently nice measures. So, we see that the only difference between A* and o(.A) is that A*
must contain all subsets of null sets, while there is no need for o(.A) to contain them.

Theorem 7

If 4 is o-finite, then (€2, A, u*) is the completion of (2,0 (A), u).

Definition 15: Lebesgue c-algebra

For a topological space (2, B), the Lebesgue o-algebra is defined as the completion of the
Borel o-algebra o(B).

2.4 Measures on R?

The canonical example of a semi-algebra is the set of half-open, half-closed intervals on R, as
we stated in Eq. (I5). One can alternatively use the semi-algebra {[a,b) : a < b} and all the
constructions will work as intended, but our convention will be for the lower bound to be open and
the upper bound to be closed. Note that for this collection of endpoints to be a semi-algebra, we
also need to allow the endpoints to possibly be infinite, since the complement of a finite interval
is the disjoint union of two infinite intervals, one stretching to —oo and one stretching to -+oo.
This semi-algebra construction extends to R¢ for d > 1, hence we make the following notational
definitions

d

Sy = {H(ai,bi] CRY: —co<a; <b < —l—oo} B, = {open sets of ]Rd} (36)

i=1
Note with this notation, the Borel o-algebra is o(B;). We’ll mostly be using the Borel o-algebra
o(Bg), but for completeness we’ll also define notation for the Lebesgue o-algebra as

Raq:=o0(By)". (37)

Now, we’ll study the types of measures that we can construct on R.
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Definition 16: Stieltjes measure function
A Stieltjes measure function is a map F' : R — R such that
i) F is non-decreasing.

ii) F is right-continuous, i.e. limy|, F'(y) = F(x).

Theorem 8: Measures on R
Any Stieltjes measure function F' yields a unique measure p on (R,o(B;)) given by
l(a,b]) == F(b) — Fla). (38)

Stieltjes measure functions tell us how to move mass around to define a measure on R. Intu-
itively, they tell us about the difference between the measure we’re using and the standard Lebesgue
measure, i.e. how much we’re stretching the interval to define the measure. Note that they’re al-
most the same as a cumulative distribution function (CDF) for a probability measure, but CDFs
have an additional property: normalization to 1, which we’ll see soon. This is codified in the next
theorem, followed by a few examples of measures on R to build some intuition.

Example 3: Lebesgue measure
The Lebesgue measure Leb is the measure induced by the Stieltjes function F(z) := z, i.e.
Leb((a,b]) :=b —a. (39)

The Lebesgue measure provides our standard notion of what a measure means: it simply give
you the length of an interval, then extends by the theorems above (extending to an algebra, then
Carathéodory’s extension theorem) to a full measure on R. This is the example you should have in
your head basically any time that you do measure theory; for something so simple, it’s surprisingly
powerful!

To conclude this section, we’ll sketch the proof of the previous theorem.

Proof (Measures on R). Define p : S; — R>¢ as p((a,b]) := F(b) — F(a). If we can extend this
measure to o(B;), we’ll be done, and in fact, if we can extend this to a premeasure on the algebra
S, then we’ll be done because we can use Carathéodory’s extension theorem to complete the proof.
It therefore suffices to show extends to a premeasure, thus we need to show finite additivity and
countable subadditivity (since u(0)) = 0 clearly). We will sketch each part of the proof.

i) (Finite additivity) For (a,b] := ||\, (ai, b;], WLOG we can reorder the intervals in ascending
order as (al,b}] so that a = @} < b} = ab < by, = ... <V, = b. Computing p((a,b]) yields a
telescoping sum and shows finite additivity.

ii) (Countable sub-additivity). This part is more involved; if (a, b] = | |;(as, b;], the difficulty here
is that we can’t reorder the intervals in ascending order like before. The idea is to compactify
the interval (a,b] = [a,b] and use the right-continuity of F to make sure that the measure of
the interval does not change by much when we extend it a small amount. Compactification
allows us to make an argument like we had before for the finite additivity case.

O

14



3 Independence

Let (2, F,P) be a probability space. Recall that events are measurable sets £ € F, and outcomes
are elements of the sample space w € 2. This is the first real probability topic that we’ll be covering
in these notes, and the notes will take on a bit of a different flavor from here. Usually when you
think of how independence relates to probability, you think of independence of random wvariables.
However, we’ll take a different route that is more rigorous and more useful, once you get the hang
of thinking like this. We instead define independence as a property of collections of events,
and later when we define random variables we’ll use this definition to define what independence of
random variables means.
We say that two events Ep, Fy € F are independent if

P[El N EQ] = ]P)[El] ]P)[EQ], (40)
and for countable {E;}, the events are independent if

We will make this definition more general by allowing us to discuss the independence of collections
of events C (so each E € C is an event, i.e. C' is a subset of F). This definition will reduce down

to Eq. .

Definition 17: Independent collections of events

Let {C;}icr be a set of collections of event{”] indexed by some (possibly uncountable) index
set I. We say {C;};cr is independent if for each finite distinct set of indices i1, ..., i, € I and

for each event F;, € C;, ..., E;, € C;,, we have:

n?

P [Eil n...N E'Ln] = ﬁ ]P)[Ezk] (42)
k=1

“The notation here is very layered, so I’ll lay it out explicitly in case it is confusing. Here for each i € I, C;
is a collection of events, so any element E € C; is an event, which in turn is a measurable subset, i.e. E € F.
This means that C; C F for each 7 € I.

Note that this reduces down to the original definition of independence of events {E;} if we take
C; := {E;}. The reason we made this definition so obtuse is that it allows us to talk about
independence of c-algebras, which we’ll be doing frequently (an indeed, is what we’ll need
to define independent random variables). Simply defining independence as a property of events
doesn’t allow us to define independence of g-algebras, which is why we needed more, and how we
ended up with this definition.

When studying relationships between measurable sets, there are two more operations that we’ll
need to define on sequences of sets: the limsup and liminf. Recall the definition of limsup and
liminf for a sequence (x,) valued in R is

lim sup z,, := inf sup x,, = lim sup z, € [—00, ],
m m>n mToo p>m
(43)
liminf z, := sup inf z, = lim inf z, € [—o0, 0.
m m>n mToon>m
A real-valued sequence converges iff limsup x,, = liminf z,. For sequences of sets, the definition

will have the same relative structure, under the replacement of inf with () and sup with (J.
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Definition 18: limsup, lim inf

Let (€2, F) be a measurable space and A,, € F a sequence. We define

A, i.0.:= A, infinitely often := limsup A,, := ﬂ U Ay,
m>0n>m
A, ev. := A, eventually := liminf A, := U ﬂ A,.

m>0n>m

(44)

The “i.0” and “e.v.” abbreviations are often helpful to intuitively understand what lim sup A,
and lim inf A,, mean. The easiest way to see this is to write the definition out explicitly: for lim sup,
we can expand

Apio={weQ:Ym>0,In>mst. we A4,} ={we Q:w e A, for infinitely many n}. (45)

In other words, an outcome w € £ is in A, i.o. iff there are infinitely many n such that w € A,.
For w € A, i.0., you can never take N to be large enough so that w ¢ A,, for all m > n, hence
why we interchangeably use the notation lim sup with “infinitely often”. Likewise, expanding out
the e.v. definition gives

Apev.={weQ:Im>0st. Vn>m,w e A} ={w € Q:w e A, for n large enough}. (46)

In English, w € A, e.v. iff you can go far enough in a sequence to make w in each of the remaining
sets, i.e. you can find N large enough such that w € A,, for each m > N. A good example to think
about is the equality
(A, ev.) = AS io. (47)

To prove C, if w ¢ A, e.v., then for each N € N, there must be m > N such that w ¢ A,,, i.e.
w e A, sow € AS infinitely often. For the reverse containment, if w € AS i.o., then for each NV
there is m > N such that w ¢ A,,; that is, w is not eventually in A,,.

For further intuition, I would recommend working through the next proofs. For these lemmas,
let (2, F, ) be a measure space, and A,, € F a sequence. Then we have:

Lemma 1: Fatou’s Lemma

p (liminf A,) < liminf u(A,). (48)

n>m

Proof. Let Cy, :=) > A,. Note that C), 1 C with C = liminf A,,. Now, continuity from below
yields u(Cp,) < p(C), and subadditivity yields u(Cp,) < inf, >, u(Ay), since for each k > m, we
have

Co=An | [ Ar| CAx = p(Cn) < p(Ar), (49)
0>m l#k

thus p(Cp,) < infi>,, p(Ag). Now, taking m 1 oo, we arrive at liminf pi(A,) > limypeo 1(Crn) =
w(C) = p(liminf Ay). O

Lemma 2: Reverse Fatou Lemma
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If p is finite, then
p(limsup Ay) > limsup p(Ay). (50)

Lemma 3: First Borel-Cantelli Lemma

If >0 w(Ay) < oo, then
p (limsup A,) = 0. (51)

Proof. Let C, = U, 5, 4n, and C := limsup A,. Since u(Cy,) | p(C), continuity from above
yvields p(limsup A,) = p(C) = lim u(Cy,). Applying subadditivity gives pu(Crn) < 37,5, #(An),
and this partial sum must go to zero by the assumption that the series )" p(Ay) is convergent.
This gives

p(limsup A,,) = hrrnnlj’(om) < Z 1(Ay) =0 (52)

n>m

as m — oo, and completes the proof. ]

Lemma 4: Second Borel-Cantelli Lemma

Suppose that (A,) are independent events and that p = P is a probability measure. If
Yo P[A,] = 0o, then
P[limsup 4,] = 1. (53)

Proof. Let p, := P[A,] for brevity. For fixed m < r, independence implies that

Pl 4= ] a-»o (54)

m<n<r m<n<r

Taking r — oo, monotonicity implies that

Pl A = [ -pn) <eZmenrm =0 (55)

m<n m<n

where we used the fact that (1 —x) < e~ and that the assumption forces the e~ LmsnPr {0 zero.
Subadditivity therefore completes the proof to show that P[liminf A%} = P[U,, M, An] = 0,
which shows P[limsup 4,,] =1 — P[(limsup A,)¢] = 1. O

To conclude this section, we’ll state a very useful theorem that we’ll be using frequently. This
theorem makes it much easier to verify if o-algebras are independent: to prove c-algebras are
independent, first find a generating w-system for these o-algebras, then verify these
generating m-systems are independent.

Theorem 9

Let {C;} be a collection of independent events. If C; is a m-system for each i, then the
o-algebras {o(C;)} are independent.
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4 Random variables

The language of probability is random variables: essentially everything we do for the remainder
of these notes will be encoded in random variables. Essentially, a random variable gives you a
way to take information from an abstract sample space and put it into R, where we know how
to manipulate the information. One of the main things we’ll encounter in these notes is that the
machinery we build up will allow us to integrate random variables, and in particular compute their
expectation and moments; this will give us a huge amount of information about the random variable
that is fundamental to understanding how it behaves.

The definitions are often a little hard to parse and connect back to intuition at first, but after
working with them they should become second nature.

Definition 19: Measurable map

Let f: (Q,F) — (E,€) be a map between two measurable spaces. The inverse image of
A € £ under f is
R A ={fec A ={weQ: fw) € A} (56)

f is a measurable map if f~1(A) € F for each A € £, i.e. if f pulls back measurable sets to
measurable sets.

Definition 20: Random variable, random vector

A measurable map f is a random variable if (E,&) = (R,o(B)). If (E,&) = (R, 0(By)),
we call f a random vector.

The notation of {f € A} is often very convenient, and will be used extensively in these notes.
It essentially allows us to suppress writing that this holds for each w € €, and treat f (or a random
variable X in the future) as a variable.

This definition is very similar to the definition of a continuous map in topology: a measurable
map just pulls back measurable sets to measurable sets. This means, in a sense, that f preserves
information: if we can measure a set in the codomain, we can pull it back with f to measure it in
the original sample space. A measurable map is simply a morphism in the category of measurable
spaces, as it is easy to verify that the composition of measurable maps is itself measurable.

Note also that measurable maps are independent of the measure put on a space: they only de-
pend on the sample space and the associated o-algebra. A nice criterion for checking measurability
is the following theorem, which asserts that we can check that if f pulls back a generating set for
a o-algebra into measurable sets, then f itself is measurable.

Theorem 10

Let f: (2, F) = (F,€) be a map between measurable spaces. Suppose that G is a collection
of events generating &, i.e. 0(G) = &. If f~1(G) € F for each G € G, then f is measurable.

Proof. Tt suffices to show that M := {B € £ : f~1(B) € F} is a o-algebra. This is because G C M
by assumption, this will imply that £ = 0(G) C M, which immediately proves the claim. To show
M is a o-algebra, clearly ) € M, and if B € M then {f € B} = {f € B}° € F, ie. B € M.
Likewise, if B; € M, then {f € |, Bi} = U;{f € Bi} € F since it is a o-algebra, hence |J, B; € M,
which proves that M is a g-algebra. O
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Some particularly important examples for the case where (E,€) = (R,0(B1)) (when f = X is
a random variable) are the collectiond]| G := {(—oc0,2] : © € R}, G := {(~00,2) : € R}, and
G :={(—00,q] : ¢ € Q}. All of these examples also form 7-systems, so these provide good examples
of m-systems that generate o(B1). The last example, {(—o0, q]}, provides a countable generating
set for o(B1), which is the reason one may opt to use that specific generating set in a proof.

Next, we focus our attention more specifically on random variables, since these objects will
be the language we use to discuss probability for the remainder of these notes. We typically denote
random variables by capital letters like X or Y, and we’ll almost always work with random variables
over probability spaces. However, as noted before, these maps are defined independent of measure,
so we do not yet need to specify that (2, F) is a probability space instead of a standard measure
space.

The reason we care about random variables is that they allow us to take the information we
have in our sample space and push that information into R in a way that preserves probability.
The advantage of working with R is that it has a lot of structure: it’s an ordered field, a Banach
(in fact Hilbert) space, and has a ton of other features. This is as opposed to an abstract sample
space (€, F), which we do not know has any structure outside of being measurable. This is made
precise in the following definition.

Definition 21: Law (distribution) of a measurable map

The law (or distribution) induced by a measurable map f : (Q, F, u) — (E, £) is the measure
on (E, &) given by
Li(A) = p(f1(A) = p({w € Q: f(w) € A}) (57)

Note in keeping with the notation we’re developing, we’ll often write L¢(A) = u(f € A). As
mentioned before, one of the advantages of using random variables in probability is that Ly is a
valid measure, and allows us to push-forward information from the sample space into information
on R. This is explored more in the next example, but for now, let’s show that Ly is a valid measure
on (E,&). We have two things to show:

1) Ly(0) =p(fe0)=pn(®)=0.
ii) Let A; € E be disjoint. Then {f € A;} € F are also disjoint, hence

Ly (U&-) = (f € L|Ai> =y (Ll {f e A¢}> = Zu(f € A) = Z@(Ai)- (58)

Finally, note that if 41 is a probability measure (denoted P), then Ly is a probability measure, since
Ly[E] = P[f € E] = P[] = 1]

Example 4: Law of a random variable is a push-forward

Let’s specialize to a random variable X : (Q,F) — (R, 0(B1)) (although this discussion will
hold for a measurable map f : (Q,F) — (E,&) as well). The law of X, Lx, is a probability
measure on (R, o(B)): we will also call it the push-forward measure of X, which in our
case is synonomous with “law” or “distribution” of X.

The machinery we’ve built up means that any random variable X induces a measure on R

!Note that the intervals which extend to +oo of the form {(z,00)} and {[x,00)} also generate o(B1).
In these notes, we’ll use square brackets to denote probability measures and parentheses to denote arbitrary
measures.
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which is the push-forward measure X,. We can think of X as a way to take information from
our abstract probability space (€2, F,P) and push it into the real numbers, where we can make
it concrete. This push-forward measure will typically not contain all the information of the
original probability space, but if we’re smart about the random variables we define, it’ll give us
enough information to make probabilistic statements about X and (€2, F,P) using structure
that exists on R. For example, we’ll soon be defining the integral of a random variabld’
this structure will allow us to define and compute the expectation and moments of a random
variable, which will characterize a lot of the information that it gives us.

The reason that I prefer the notation X, as opposed to Lx is that it emphasizes the
nature of the measure as originating in the domain of X, (£2, ), and being pushed via X
to its codomain (R, o (By)). This is much like the push-forward of vectors on manifolds (and
lots of other mathematical structures): any smooth map f : M — N induces a push-forward
f« : X(M) — X(N) between the space of vector fields on the manifolds, which in a similar
vein to this, pushes information forward from M to N.

?One can define integral of a measurable map f : (Q,F) — (E,€) in a consistent manner assuming that
(E, ) is a Banach space, and for our intents and purposes, R provides a simple example of this.

The final definition we’ll give here before specializing to different topics is of the o-algebra
generated by a random variable X. The idea is there are different o-algebras F that can
be chosen to make the map X : (2, F) — (R, 0(B1)) measurable. Typically, the random variable
cannot distinguish between all the measurable sets in F, and so we’re interested in choosing F to
be as small as possible while still making X measurable.

Definition 22: o-algebra generated by X

Let X : (2, F) — (R, 0(B1)) be arandom variable. The o-algebra generated by X, denoted
o(X), is the smallest o-algebra on € that makes X measurable. In other words,

o(X):={{feB}:Bea(B)}C2 (59)

Since the arbitrary intersections of o-algebras is a o-algebra, we see that o(X) does in fact
exist, since we can expand it as

o(X) = N g (60)
GC29 X is G-measurable

We often consider o(X) to be the information given to us by X, as demonstrated in this exam-
ple.

Example 5: Dice rolls
Let’s work on the sample space
Q:={a,b,c,d,e, f} F =29 (61)

with the uniform probability measure (so P[X = w] = 1/6 for each w € Q). You can think
of this sample space as roll of a fair six-sided die with faces labeled a,b,c,d,e, and f: each
different w represents a different face of the die. Our “ambient” g-algebra is F, but depending
on the random variable, this may give us too much information about the problem. We’ll
compute o(X) for a few different random variables X on (€2, F), and think about how this
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relates to the information we’re given by the random variable.

Let X(a) := 1 and X(b) := X(c¢) := X(d) := X(e) := X(f) := 0; in other words, assign
the value 1 to face a, and assign the value 0 to the remaining faces. Note this random variable
is only able to distinguish face a from the remaining faces. In other words, if we measure the
value of X (w), we cannot know if w = b,¢,d,e, or f; measuring X (w) = 0 implies that
w € {b,c,d,e, f}, but it does not tell us which specific face we rolled. On the other hand, the
random variable X can tell us if we rolled a, since X (w) = 1 implies w = a, and X(w) =0
implies w # a. This information is exactly what’s given to us by o(X). To compute o(X),
the definition (Eq. ) looks complicated, but it actually simplifies nicely: note that since
X only takes on values 0 or 1, X ~Y(B) only depends on if 0 or 1 is in B, for each B € o(By).
This gives us:

o(X)={X"'(B): Bea(B)} = {X'(0), X '({0,1}), X '({0}), X '({1})}
={0,9Q,{b,c,d,e, f},{a}}.

A set of the form {X = x} is called an atom, and will be explored later. The corresponding
law induced gives Lx[0] = 0 and Lx[R] = 1 as it must, but also gives:

(62)

Lx[{0}] =P[X =0] =Plw € {b,c,d,e, f}] =

5
6
1 (63)
6

Lx[{1}]=PX =1]=Plw € {a}] = =
VF € o(By) with 0,1 ¢ F, Lx[F] =0

The law intuitively gives us the probability that the random variable takes on a specific value,
in this case either 0 or 1.
As a more complicated example, consider the random variable

7 w € {a,c e}
Y(w)={-7 we{bd . (64)
2 w=f

This random variable assigns the value 7 to even rolls a,c, e, and the value —7 to rolling b
or d, and the value 2 to rolling f. With this setup, ¥ cannot distinguish between even
numbers; it can tell us if a roll came out to be even, but it can’t tell us specifically if it was
a,c, or e without more information. On the other hand, Y can tell us if the dice landed on
side f (since Y = 2 corresponds to w = f), but can’t distinguish between b or d. Y therefore
generates the o-algebra (note in this example, we also need to union all the atoms together)

oY) ={0,9,{a,c,e},{b,d},{f}, {a,b,c,d,e},{a,c,e, [}, {bd, f}}.

atoms

(65)

A nice way to easily determine o(Y") is to write all the atoms down first, then take all possible
unions or complements of them. The law induced by Y has mass at

LT =Fllacell =5 LT =Flhdl=3 LARN=FlM=¢ (660

and Ly [F] =0 for 7,-7,2 ¢ F, extending by additivity to the entirety of o(Bj).
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4.1 Equality of random variables

The next topic to discuss is equality of measurable maps. Pointwise equality of maps is always
useful, but often too strong of a requirement to yield interesting results. Instead, we’ll develop two
notions of equality that are weaker than pointwise equality, but often more applicable.

Definition 23: Equality almost-everywhere

Two measurable maps f and g agree almost everywhere, denoted f = g a.e., if
w(f #9) = p{w e Q: f(w) # g(w)}) = 0. (67)

We will often instead say that f and g agree almost surely, and write f = g a.s.; it means the
exact same thing as a.e. equality. Almost everywhere equality just means that the two maps don’t
necessarily need to agree everywhere, but the measure of the subset of € they disagree on has to
be a null set. This is the stronger of the two notions of equality we’ll be discussing; the other is
equality in distribution.

Definition 24: Equality in distribution

Two measurable maps f and g agree in distribution, denoted f 4 g, it Ly =L,

Definition 25: Distributed as

Let X be a random variable and P a probability measure on (R,o(B1)). We say X is dis-
tributed as P, denoted X ~ P, if Lx = P.

Example 6: Dice rolls (Equality in distribution)

Equality in distribution turns out to be a fairly light constraint on random variables: two
random variables can be wildly different and still be equal in distribution. However, it’s the
grounds for most of the probability that we’ll discuss in these notes. If we measure the value of
a random variable X to be x = X (wp), we don’t care about the specific elements of the sample
space that give the value z; we only care about the “amount”, or measure, of the w € Q that
give this value. In other words, since equality in distribution only cares about P[X = z|, it
doesn’t matter which w give this mass.

Let’s work on the sample space of the 6-sided die, as in the previous example. Define the
random variables X (a) := 1, X(w) := 0 for w # a (X gives 1 if the die lands on face a, and
0 otherwise), and Y (c) := 1, Y(w) := 0 for w # ¢ (Y is 1 if the die lands on face ¢, and 0
otherwise). These two maps are manifestly not the same, but are equal in distribution, since

P[X = 0] = - = P[Y = 0] P[X =1] =~ =P[Y = 1] (68)

Equality in distribution doesn’t care about the actual specifics of the random vari-
ables, but only cares about the induced push-forward measure.
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4.2 Convergence of measurable maps (almost surely; in measure)

From real analysis, we're aware of the notions of pointwise and uniform convergence of maps;
in this section, we’ll discuss some other measure-theoretic notions of convergence. Pointwise and
uniform convergence still exist in this setting, but their more useful counterparts are almost-sure
convergence and convergence in measure. To discuss these types of convergence, we need to
have some notion of distance on the codomain of the map: that is, we need a metric that plays
nicely with the measure-theoretic structure that we’ve developed thus far.

Definition 26: Polish space

A Polish space (E, &, d) is a complete separable metric spacd”] (E, d) such that & is the Borel
o-algebra associated with the topology induced by the metric.

“Recall a metric space is complete if every Cauchy sequence converges, and separable if there exists a
countably dense subset, for example Q C R.

Definition 27: Convergence in measure / probability, almost surely

Let f, fn : (2, F,u) — (E,&,d) be measurable maps into a Polish space.

i) fn — f in measure (in probability if 4 = P is a probability measure), denoted
fo =5 f (or fr == [), if Ve >0,

p({w e Q:d(fn(w), f(w)) >¢€}) = 0 as n— oo. (69)

ii) f, — f almost surely (a.s.; or almost everywhere, a.e.), if

w{we Q:d(f(w), fu(w)) = 0asn — ) = 0. (70)

These two definitions can take a little while to parse, and it helps to have a few examples
in mind. Almost sure convergence will end up being one of the stronger notions of convergence
that we’ll look at in these notes, while convergence in probability will be one of the weaker ones.
Convergence a.s. just means that f,(w) — f(w) for almost all w: there are allowed to be w where
fn(w) 4 f(w), but they must have measure zero. On the other hand, convergence in probability
is more of a uniform convergence condition, and says that for each € > 0, the measure of the set
where fp(w), f(w) are distance > € away from one another converges to zero as n — oo.

Example 7: Sliding boxes

My favorite example of the difference between these types of convergence is the sliding box
ezample. Consider random variables X;, on the probability space ([0, 1], 0(B1)|[0,1), Lebljo 1))
which are sliding boxes of decreasing width:

X1 :=1j0,1/9 Xo = 1p1/21] X3 1= 1jp,1/3] Xa = 111/3,2/3] (71)

This setup is depicted in the following picture.
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This sequence of random variables converges in probability to the zero random variable
X := 0. This is because for any € > 0 and any n, P[|X,, — X| > €] will always be the width of
the box, which goes to zero because we’ve constructed the pulses to decrease their width as
soon as we traverse the entire interval. However, X,, does not converge to X almost surely;
at each w € [0,1], no matter how far we go in the sequence, w will always be contained in
some future box (i.e. given N € N, 3m > N such that X,,(w) = 1). Thus X, (w) does not
converge to X (w) at any w € [0, 1], and we don’t have almost sure convergence.

This counterexample shows that convergence in probability does not imply almost sure con-
vergence. Another counterexample with a bit more of a probabilistic flavor goes through using
the second Borel-Cantelli lemma as follows. Let X = 0 and X,, € {0,1} be independent with
PX, =1] = % Clearly X,, — X in probability, but X,, /4 X almost surely because

> PlIX, - X[ >05] = Z% = o0, (72)

n

so the 2nd Borel-Cantelli lemma yields P[|X,, — X| > 0.5 i.0.] = 1, which shows that X,, converges
pointwise to X almost nowhere. We’ll now prove that the converse is true for finite measures.

Theorem 11

If p is finite, almost sure convergence implies convergence in measure. In particular, almost
sure convergence implies convergence in probability.

Proof. Suppose that f,, — f almost surely and p is finite. Since we have a.s. convergence,
w({d(fn, f) > €i.0.}) =0, and define

A= (J U, ) > €. (73)

m>n

Note that AS, € F because {w € Q : d(fm(w), f(w)) > €} € F, and p(limsup AS,) = 0 because of
countable sub-additivity. Thus the reverse Fatou lemma implies that limsup u(AS) = 0. As A |
monotonically decreases with n, lim sup (A¢) = lim pu(AS) = 0, which is equivalent to f, - f. [

The final theorem of this section is a “generalization” of the Bolzano-Weierstrauss theorem,
which states that every bounded subsequence in R™ has a convergent subsequence.

Theorem 12: Convergent subsequences

fn — f in probability iff for every subsequence (f,,)m of (fn)n, there exists a convergent
subsequence (fy,,, )k of (fn,,)m such that f, ~— f almost surely as k — oco.
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Proof. We’ll use a property of the real numbers: if (Y},), is a sequence in R such that Jy where every
subsequence (Y, ) has a subsequence (Yy,, )i such that Y, = — y as k — oo, then Y, — .
To proceed with the proof, suppose f, — f in probability and (f,,) is any subsequence. Let
er L 0. Since f, — f in probability, 3n,,, such that Yk > n,,,, we have u(Ag) < 27%, where
Ak == {d(fn, f) > ex}. Borel-Cantelli thus implies that p(Ay i.0.) =0, hence f,, — f almost
surely. For the converse, suppose every subsequence has an almost-surely convergent subsequence,
and let § > 0. Define Y,, := p({d(f, fn) > d}). The assumptions imply that Y, has a convergent
subsequence, so by the property laid out at the beginning of the proof, we have Y,, — 0, i.e. we
have f, — f in probability. O

4.3 Distribution functions

Distribution functions (a.k.a. cumulative distribution functions) provide a powerful tool to char-
acterize the law of a random variable. The machinery that we’ve built up so far will allow us to
determine the law of the random variable entirely from its distribution function, and many of the
statements we make throughout these notes will be written in terms of distribution functions.

Definition 28: Distribution function

Let X be a random variable. The distribution function of X is the function Fx : R — [0, 1]
given by
Fx(z) =PX <z] =P{w € Q: X(w) € (—o0,z]}]. (74)

Theorem 13

The distribution function Fx of a random variable X uniquely determines the law Lx of
X.

Proof. This is immediate upon noticing that {(—oo, z] : x € R} is a w-system that generates o(B;),
so uniqueness follows. O

As seen in this theorem, the distribution function Fx provides a “basis” for understanding the
law of X: it tells us everything we need to know about the law induced by a random variable. It
will also provide an easy test to determine if some number of random variables are independent,
see for example Theorem [4.4, We can immediately read off some of the properties of Fx.

Theorem 14
F :R — [0,1] is a distribution function for a random variable iff the following properties hold:
i) F 1, i.e. F(z) is non-decreasing.
ii) limg)—oo F'(z) = 0 and limgyee F(2) = 1.
iii) F is right-continuous, i.e. lim,, F(y) = F(x).
Proof. For the forward direction, suppose F' = F'x is the distribution of some random variable X.

i) If x <y, then {X < z} C {X < y}, so Fx(z) = P[X < z] < P[X < y] = Fx(y) by

monotonicity.
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ii) This is because (—o0,z] | 0 and (—oo,z| T Q. Continuity from above / below immediately
gives the results.

iii) This is from continuity from above, combined with the fact that (—oo,y] | (—o0,z] as y | .

For the converse, we need to define a random variable that has this distribution function. Define
the random variable on ([0, 1], o(B1)|0,1], Lebljo 1)) given by

X (w):=sup{y € R: F(y) < w}. (75)
The random variable X~ has distribution Fy- = F', which you can check by computing Fxy-. [

Contrast these properties to those for a Stieltjes measure function, Def. The extra property
that we have now is (ii): the distribution function must be properly normalized, since we need
PX < a] —» P[] =1 as a T oo. The definition of X~ in the previous proof is called the
Skorokhod representation of F', and acts as a generalized inverse of a distribution function,
since it has the same distribution as F'.

Definition 29: Skorokhod representation

The Skorokhod representation of a random variable X with distribution F' is the random
variable X : [0, 1] — R defined by:

X (w) :=sup{y e R: F(y) < w} (76)
This satisfies F'y- = F.

The Skorokhod representation X~ is often denoted by F~!, and when F is injective and has
an inverse F~!, X~ = F~! hence the notation. The advantage of the Skorokhod representation
is that it exists even when Fx is not injective, and always satisfies the defining property that
Fy— = F. It also allows one to do some fancy tricks with the uniform distribution.

Theorem 15: Probability integral transform

Let X be a random variable with a continuous distribution (i.e. Fx is continuous). Then the
random variable U defined as
U = Fx(X) (77)

is a uniform random variable on (2, F,P).
Proof. We have
PU < a] =P[Fx(X) <a] =P[X < Fx-(2)] = Fx(Fx-(2)) =« (78)
hence U has a uniform distribution. O

A converse statement is that if U ~ Unif]0, 1] is uniformly distributed on [0, 1], then the random
variable
Fx-(U) (79)

has the same law as X. If one wants to generate i.i.d. samples from Lx on a computer, this is
typically the way to go; you can compute F'x-, generate uniform samples from U, then feed these
samples through Fy- to have i.i.d. samples drawn from the law of X. This technique is known as
inverse transform sampling, and is quite interesting to know.
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4.4 Independence of random variables

Next, we consider independence of random variables. Recall that independence is a property of
o-algebras, or more precisely a property of collections of events. This definition of independence
extends naturally to random variables via their generated o-algebras.

Definition 30: Independent random variables

A collection of random variables { X; } are independent if their generated o-algebras, {o(X;)},
are independent as c-algebras.

Definition 31: Independent and identically distributed

A collection of random variables {X;} are independent and identically distributed
(i.i.d.) if {o(X;)} are independent and Ly, = Lx; for each i, j.

Example 8: Dice rolls (Independence)

Intuitively, two random variables X and Y are independent if measuring X gives you no
information about the value of Y. However, this seems a bit hard to relate to the definition
that we’ve put in place.

To see the connection, let’s do more examples with the six-sided die. Let X (w) := 1 iff
w € {a,c,e} and 0 otherwise (X is the indicator telling us if the dice roll was even or odd)
and Y(w) := 1 iff w = f and 0 otherwise (Y is the indicator telling us if the dice landed on
side f). We should expect that X and Y are not independent, because knowing the value
of X (w) tells us information about what Y (w) can be. For example, measuring X (w) = 1 tells
us that the die landed on an even side, which immediately tells us that Y (w) = 0, since w # f
in this case. To formally show this, note that o(X) and o(Y") are

o(X)={0,Q{a,c,e}, {b,d, f}} oV)={0,9,{f} {a,b,c,d,e}}. (80)
Then X and Y are not independent because for {a,c,e} € o(X) and {f} € o(Y), we have

Pl{a.c.c} N {f}] = BO] = 0 Pllo, )| Pl/ =5 g =15 (81
hence we see that P[{a,c,e} N{f}] # P[{a,c, e} P{f}]

How do we construct independent random variables? We’ll need to consider a second dice
roll event, in which the outcome of the second roll does not depend on the outcome of the
first roll. That is, we’ll use the sample space € x €2, whose elements are of the form (w,w’),
with w,w’ € Q. Let X be the indicator random variable telling us if the first roll was even, so
X(w,w) :=1iff w € {a,c,e} and 0 otherwise. Likewise, let Y be the indicator of if the second
roll landed on face f, so YV (w,w’) = 1 iff o’ = f and 0 otherwise. Now the situation is:

o(X) = {0,9° {(a,0), (¢, "), (e,0) : ' € O}, {(b,0), (d, '), (f, &) s " € Q}}

oY) = {@,Qz, {(w, ) :w e O}, {(w,a), (w,b), (w,c), (w,d), (w,e) :w e Q}}. (82)

Unlike the previous example, these o-algebras are independent. Let’s compute the probability
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of AN B :={(a,'), (c,), (e, : ' € Q}N{(w, f) : w € Q}. Here we have probabilities

3 1 1 1
P[ANB|=P =—=—=—-x-=P[A]P[B 83
AN B) = Pl{(a, £), (¢ f), (e, N}] = 5 = 75 = 5 % = = PIA]P[B] (53)
which is exactly what we want for these events to be independent! We also need to verify the
other 3 possible intersections, but these proceed in a very similar manner to show that X and

Y are independent.

We conclude this subsection with a theorem relating independence to the factorization of a joint
distribution function. This theorem is very useful to know, as it gives us a concrete corollary of the
work we’ve been doing with independent random variables.

Theorem 16

Random variables X1, ..., X, on (2, F,P) are independent iff for each z1,...,z, € R,

P[X) < 21, Xy < 2] = [[P[Xi < ] (84)
=1

In other words, X, ..., X;, are independent iff Fix,  x,)(%1,...,Zn) = Fix,(71) X ... X Fx, (%5).

Proof. Let A; == {X; '((—o0,b;] : b; € R}. Then o(A;) = o(X;), and A; are independent 7-systems,
which implies that o(A;) = o(X;) are independent o-algebras. O

4.5 Discrete and continuous random variables

This section will aim to formalize the notion of a “discrete” and “continuous” random variable.
Typically when probability is studied rigorously, one does not do much discussion of the differ-
ence, instead treating a random variable with a general distribution function for all the theorems.
However, more introductory-level probability courses typically separate discrete and continuous
distributions, so it’s good to have a handle on how to connect all the machinery that we’ve devel-
oped to these definitions. For most of this section, we’ll work within the confines of probability
measures on (R, o(B;)); note that all these definitions extend to random variables in the obvious
way, since any random variable X induces a probability measure Lx on (R, (By)).

Definition 32: Mass

We say a probability measure P on (R, o(B;)) has mass at A € o(B;) if P[A] > 0. P has
mass at = € R if P has mass at {}. A random variable X has mass at A € o(B;) if its law
L, has mass at A.

The reason we care about the singleton case is because when X has mass at a singleton, at
least part of its distribution is discrete. Equivalently, X has mass at = if P[X = x| > 0, i.e. if the
probability for X to equal a single value is non-zero. Intuitively, this can only happen for discrete
distributions, since for a continuous distribution (like A'(0,1)), only intervals can have non-zero
probability.

Definition 33: Non-atomic measure

A probability measure P on (R, o(B;)) is non-atomic if for each A € o(B;) with P[A] > 0,
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there exists B C A strictly such that B € o(B;) and
0 < P[B] < P[4]. (85)

If P is not non-atomic, P is called atomic.

Definition 34: Atom

Let P be an atomic probability measure, and A € o(B;). A is called an atom of P if for any
B C A with B € o(By)
PB] € {0, P[A]}. (86)

Proposition 4

Let P be a probability measure on (R, o(Bj)), and suppose that P gives mass to a singleton
{z} € 0(B1). Then, P is atomic, and {z} is an atom of P.

Proof. This is immediate from the definition: the only subsets of {} are () and {z} itself, both of
which have probability in {0, P[{z}]}. Thus, {z} is an atom and P is atomic. O

Next, we make precise the connection between distribution functions and atoms. Any singleton {x}
with non-zero mass will induce a discontinuity in F' at x, as shown in the next theorem.

Theorem 17

A probability measure P is non-atomic iff its distribution function F(z) := P[(—o0,z]] is
continuous.

Proof. For the forward direction, suppose that F' is not continuous. Then 9z € R and ¢ > 0 such
that V6 > 0, F(x) — F(x — §) > ¢, since F is not left-continuous at x (note F' is always right-

continuous) and F is non-decreasing. Now, consider the sequence of sets A, := (ac -1 x] Since

A, | {z}, continuity from above implies P[A,] | P[{z}]. Since (—oc0,z] = (—o0,z — 1] W (x— L 2],

we have: ) .
P[A,] =P[(—o0,z]] — P [(oo,x - ” =F(z) - F <x — ) > € (87)
n n
where the last step follows because F' is not left-continuous. This implies that:

Pl{z}] = lim P[A,] > e >0, (83)

which shows that P is non-atomic, as the singleton set {x} has non-zero measure.

For the converse, suppose that F'(z) is continuous, and let A = (a, b] be a finite interval. Suppose
that P[A] = F'(b)— F(a) > 0. As F is continuous, the intermediate value theorem implies that there
exists a point o at which F(xo) = (F(b) + F(a))/2. Therefore, the measure of B := (z¢,b] C A is:

Fb)+ F 1
B(B) = F(b) -~ Flap) = - OO Lpiay < ppay (50)
and this is > 0 by construction. Note that since lim, oo F'(z) = 1 and lim,_,_ F'(z) = 0, the
same argument can be made for intervals (—oo,a] and (b,o0), so P is non-atomic on intervals S.
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This also holds for any finite union of intervals S € S, since if the measure of a finite union of
intervals is > 0, the measure of at least one of these intervals I must be > 0, hence we can apply
the previous discussion to I. Now, we can extend this property to the entire o-algebra o(B;) an
inner measure and Carathéodory. Let D € o(By) with P[D] > 0. As D is measurable, the inner
measure from P on S agrees with the outer measure, hence we may write the measure of D as:

= P — P[D]
PD su A; JA; € S s.t. AiCDandIP’D>E PlA,] > —“2 >0
= UiAigDI,)AiESE ) LZJ D] P = 2

(90)
by definition of sup. To conclude, there must be at least one k € Zy such that P[Ag] > 0, or else
> P[A;] would equal 0. Since Ay, € S, we may apply our previous discussions and find B C Aj, with
0 < P[B] < P[A] < P[D], and therefore D cannot be an atom, which completes the proof. Note
that the reason we need to use an inner measure is so that U;A; C D, rather than D C U;A;. [

Proposition 5

Let F' be the distribution function of some random variable. F' can have, at most, a countable
number of discontinuities.

Proof. The proof follows from the separability of R. Let D be the discontinuity points of F', and
suppose that € D. Let b := F(x) and a := limyy, F'(y). Then b > a0 by definition, and the
density of @ C R means that 3g, € Q such that b > ¢, > a. This generates an injection D — Q,
Z + ¢, hence |D| must be at most |Q|. O

We are now in a position to define a continuous and discrete random variable in terms of the
properties of its distribution function. Not every random variable will be discrete or continuous;
there are also “mixed” random variables that have distributions that are continuous in one domain,
but discrete in the other. The advantage of the formalism we’ve developed is that we don’t care
whether a random variable is discrete, continuous, or mixed; all of them are on the same footing.

Definition 35: Continuous random variable

A random variable X is continuous iff Fx is continuous.

Corollary 2

A random variable X is continuous iff it is non-atomic.

Definition 36: Discrete random variable

A random variable X is discrete if its image X (2) is countable.

Corollary 3

Any discrete random variable X is atomic.
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Note that unlike the continuous case, this is not an iff statement; the converse is not true in
general. This is because X can be atomic but have a mixed distribution, it need not have a discrete
distribution.

Atoms play a very intuitive role in the theory of discrete probability measures: any set with
non-zero measure is simply a union of some (countable) number of atoms. Suppose X is a discrete
random variable with image X (Q2) = {z; € R: ¢ € N}. Each {z;} with non-zero mass is an atom
of X, and we will denote the set of atoms with {a;}. The law of X is completely characterized by
the probabilities, as for each A € o(By)

pi = P[X = z] Lx[A] = Z pi = Z D) (91)

T, EA ajEA

because of countable additivityﬂ We can also describe the amount of information contained by the
random variable X via its o-algebra (X)), which is simply the pull-back of each {x;}:

o(X)={{X=ua;}:i €N} (92)

This should make sense, because the information given to us by X is just the distinct values z; it
takes on. Note that although the values in the image that are not atoms, z € {z;} \ {a;}, have
no probability, they are still included in o(X). However, they will not influence any probabilistic
statements, since P[X = z] = 0.

Example 9: Independence of discrete random variables

If you’ve taken a probability class before, you've probably seen independence phrased in the
following way. Two discrete random variables X, Y are independent if

PX =2,Y =y] =P[X =z|P[Y =] (93)

for each z € X(Q), y € Y(€). Since we know the structure of o(X) and o(Y) from Eq. (92),
we now immediately derive Eq. (93). For each z € X(2),y € Y(12), independence tells us that
the sets {X =z} € 0(X) and {Y =y} € 0(Y) are independent, which implies

PIX = 2,Y = y] = P[{X = 2} N {Y = y}] = B[X = 2] B[Y =y (94)

4.6 Tail o-algebras

We often wish to determine the information afforded to us by an infinite sequence of random
variables (X;).
TODO

3Here the first sum is over all values in the image, while the second sum is over all atoms. These will always yield
the same result because if x; is not an atom, then p; = 0.
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5 Integration and Expectation

Measure spaces allow us to generalize the notion of (unsignedﬁ) integration to other spaces that are
more abstract than Euclidean space. Any measure space admits the notion of integration, as we’ll
soon see. The idea is to define the integral on piecewise-constant (simple) functions, where the
integral should intuitively be the function value on each constant set, times the measure of the set.
The machinery we’ve built up with convergence of measurable maps then allows us to approximate
any integrable function with simple functions, leading to a chain of integral definitions for different
classes of functions

simple — bounded + finite support — non-negative — integrable (95)

that are all built on top of one another. This section will define what all these types of functions
look like, and how we explicitly build up the integral to each new class of function.

For this section (and really the remainder of these notes), we’ll be working with measurable
maps f: (Q,F) = (R,o(Bi)), under the assumption that the measure space (2, F, 1) is o-finite.
You can see in some of the theorems why we need this: allowing our space to be covered by sets of
finite measure will be very useful in our discussion of integration. One can generalize the integral
to measurable maps (2, F) — (E,&), where E is a Banach space and £ is the associated Borel
o-algebra, but for our intents and purposes we’ll almost always be working with random variables,
so we don’t need to do this. If you're interested in this construction, feel free to check out my notes
on measure theory.

5.1 Simple functions

Simple functions are the most basic types of functions we can integrate. We’ll define the integral of
a simple function in an intuitive manner, then show that we can approximate bounded functions
with simple functions. Let’s start with some definitions.

Definition 37: Indicator function

For A € F, the indicator function on A is the measurable map 14 : (Q, F) — (R,0(B1)),

1a(w) = {; i ; j . (96)

Definition 38: Simple function

A simple function is any function f : 2 — R of the form

Flw) = aila(w) (97)
=1

for ay,...,a, € R and Ay, ..., A, € F are disjoint.

In other words, a simple function f = > | a;14, is a piecewise-constant function that only
takes on a finite number of values. We’'ll also occasionally use notation like 1,<, or 1xca, for
indicator functions on R and 2 respectively, given by 1(_, 4 and 1yxecay}.

“Here is a great discussion on the broad types of integration.
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Lemma 5: Simple approximation

Let X : (2,F) — (R,0(B)) be a random variable. Then, there exists a set of simple functions
o (,F) = (R,0(By1)) such that f,(w) T f(w) at each w € Q.
Proof. Define n,, : R — R by

2n—1

M (x) == nly>y + Z kE27"1(z). (98)
k=0

This map essentially “chops up” the function into a simple function, and is always increasing
by construction (I would recommend drawing a picture of it). Suppose f > 0 (if f is not > 0,
decompose f = fi + f_, where each part is non-negative; we’ll do this extensively soon), and set
frn:=nmn(f). Then f, is a simple function, and f > f,+1 > f, for each n with f(w)—f,(w)| < 27" by
construction. This implies f,(w) T f(w) at each w € 2, and completes the proof of the lemma. [J

Before moving to integration, we make a brief digression into the monotone class theorem. This
theorem is important for characterizing classes of functions; it’s a bit formal, but will prove essential
to some of the proofs we will do later on in these notes. There are actually two versions of this
theorem: one for bounded functions, and one for arbitrary measurable functions.

Theorem 18: Monotone class theorem
Let H be a collection of functions €2 — R such that
i) The constant function 1 € H.

ii) H is a vector space over R.

iii) If h, € H is a sequence of non-negative functions such that h, T h with h: @ - R (is a
bounded function), then h € H.

Under these assumptions, if p is a m-system and 14 € H for each A € p, then H contains all
(bounded) o(p)-measurable functions.

Proof. 1t suffices to show that 1g € H for any S € o(p) by the simple approximation lemma. To,
let £L:={ACQ:14 € H}. The assumptions tell us that £ is a A-system:

i) Q€ L since 1 € H.

ii) Let A, B € L with A C B. Then 14,15 € H, and in particular 1\ 4 = 1p — 14 € H because
it is a vector space, so B\ A € L.

iii) If A,, € £ with A, T A, then 14, 1 14 implies 14 € H, thus A € L.

This verifies that £ is a A-system, and Dynkin’s -\ theorem immediately gives that o(p) C L,
hence we see that H contains all indicator functions on o(p) as desired. O
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5.2 Construction of the integral

With our discussion of simple functions complete, we now move on to the main topic of this section:
constructing the integral. We begin by integrating simple functions, since their form provides
an intuitive definition. They are piecewise constant, so we just need to define the integral to be
exactly what we expect it to be: the value of the function on each constant slice, times the measure
of that slice.

Definition 39: Integral of a simple function

Let f:=3", a;l4, be a simple function. We define the integral of f to be
[ rdn =Y ainta. (99)
i=1

Before moving on, we state some useful properties of the integral. These properties are quite
basic and they will turn out to hold at each stage in our construction, so this theorem is
actually four theorems, packaged together neatly.

Theorem 19: Properties of [ fdu
Let f and g be simple (bounded + finite support) ((non-negative)) (((integrable))) functions.
i) If f >0 as., then [ fdu>0.
) (Linearity I) For a € R, [afdp=a [ fdpu.
iii) (Linearity IT) [(f +g)du = [ fdu+ [gdp.
iv) (Monotonicity) If f > g a.s., then [ fdu > [ gdp.
v (
) (

Equality) If f = g a.s., then [ fdu = [gdu.

vi) (Absolute value) We have

‘/fdu‘ < [171dn (100)

We’ll also frequently be using the notation

[ raui= [ piad (101)

which holds for any f that we’ve defined the integral of.

The next step in Eq. is to extend the definition of the integral from simple functions
to bounded functions with finite support. Before doing this, we should be precise about
what a bounded function with finite support is. We will extend the definition of an integral by
approximating such a function with simple functions.

Definition 40: Bounded, finite support

A function f is bounded if 3M > 0 such that |f| < M. The function f has finite support
if 35 € F such that u(S) < oo and f(w) = 0 for each w € S°.
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Definition 41: Integral of a bounded function with finite support

Suppose that f is bounded with finite support. We define its integral to be

fdu:= sup /adu = inf /ad,u 102
/ a simple, a<f, a|gc=0 B simple, f<p, B|sc=0 ( )

In this definition, we’ve approximated f from below with simple functions o and take the
supremum of these integrals, and approximated f from above with simple functions 3, taking the
infimum of these integrals. We need to show that these two definitions agree, i.e. that [ fdu is
well-defined. That sup [adp < inf [ Bdu is immediate, since a < f < j by construction, but it
remains to show the other direction. Let M be an upper bound for f with support S, and define
simple functions «, and (3, as

n

o {M(kn Do k:M} ape= 3 EZUM, ’“TM1Ak. (103)

n mn
k=—n k=—n

Since Uyp__,, Ak = S, as Bp — ay, = %15 we have [(8, — ap)du = %u(S), which in particular is
finite and goes to zero as n — oo. We thus have (using linearity of the integral of simple functions):

M M
Sgp/aduz /anduz/ﬁndu o S) Zirﬁlf/ﬁdu nM(S)Tigf/Bdu, (104)

where taking n 1 oo gives the desired result to show that [ f du is well-defined.

The third step of Eq. is to extend the definition of | fdu from bounded + finite support
functions to non-negative functions. This step of the process is very similar to the previous one,
only now we approximate an arbitrary non-negative function with a sequence of functions that are
bounded with finite support.

Definition 42: Integral of a non-negative function

Let f be a non-negative function. The integral of f is defined as

/fdu = sup{/hdu:og h < f, h bounded, pu(h > 0) < oo}. (105)

Lemma 6

Let f >0, A, € F with pu(Ay,) < oo and A,, T Q. Then

/An(f/\n)duT/fd,u (106)

as n — oo, where recall © A n := min{z,n}.

Since we’re working with a o-finite measure space, we can always find such a sequence of A, € F
as required by the lemma.

The final step is to extend this construction to integrable functions. We first define what we
mean by integrable.

35



Definition 43: Integrable function, integral of an integrable function

A measurable map f is integrable if

/yfy dp < oc. (107)
Decompose f as

f=ft—f fTi=max{f,0} = fVO [ i=max{—f,0} = (—f) VO0. (108)

The integral of an integrable function f is

[ran=[srau- [ an (109)

Note both f*, f~ > 0, so this definition is valid. This completes the construction of the integral!
Let’s discuss a few specific cases.

e When we are working with the Lebesgue measure on R and an integrable function f : R" —
R, we write

/ Fo) dg = / f(x) dLeb(z). (110)

e The integral of a random vector X = (X1, ..., X},) on R™ is just the integral of each component,

/XdIP’_</X1d]P’ /X d]P) (111)

e The Stieltjes integral is the integral of a function f(x) with respect to the measure p
corresponding to Stieltjes function G(x), i.e. p((a,b]) := G(b) — G(a). This is written

/fdu /f ) dG(x (112)

e When working with a countable sample space, F := 2, and p the counting measure on €,
the integral reduces down to a sum:

/fdu > fw (113)

wel
5.3 L7 spaces

Now that we’ve defined the integral, given a measurable space, we can investigate an associated
class of function spaces called the L4 spaces. This construction will work for an arbitrary o-finite
measure space, but we’ll focus on probability measures here; most of the work we do will follow
through immediately if (Q, F, ) is o-finite rather than a probability measure.

Definition 44: g-norm, L? space

Let f:(Q,F,u) — R be measurable. The ¢g-norm of f is
1
Isthy = ([ 171mam) " (114)
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We let L9(u) denote the space of g-integrable functions,

LAp) == A{f : ( F,p) = R:||fllg < o0} (115)

5.4 Expectation and inequalities

5.5 Convergence theorems

6 Weak convergence

6.1 Relation with other modes of convergence
7 Product Spaces

8 Conditional Expectation

9 Laws of large numbers

10 Characteristic Functions and the Central Limit Theorem

10.1 Characteristic functions
10.2 The Central Limit Theorem
10.3 Related topics

11 Martingales

12 Markov chains
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