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Abstract

This paper will introduce local operator renormalization in the context of a general QFT and show
how to renormalize such an operator perturbatively. We will show that operators in a QFT run
with scale much like couplings, and develop a renormalization group equation for their Green’s
functions. Using an explicit example from the φ3 theory, we will see that renormalized operators
mix under a scale transformation. We will conclude by examining non-perturbative features of
local operator renormalization on the lattice, and show that the discrete nature of a lattice gauge
theory leads to an interesting environment to study operator mixing.



1 Introduction

The primary purpose of renormalization in Quantum Field Theory is that of taming divergences.
Given a Lagrangian, one can compute Green’s functions in the theory and use the process of
renormalization to render these observable results finite. This begs the question: what kind of
Green’s functions can we renormalize? Typically there is a focus on n-point functions of fields and
operators at different points in spacetime, for example a correlator like 〈0|T{φ1(x1)...φn(xn)}|0〉,
which can be computed with standard techniques in perturbation theory.

However, n-point correlation functions– while very important in processes like scattering– do
not tell the whole story. We can also consider a local composite operator, which is an operator
O(x) built up from the fields and derivatives in a theory at a single spacetime point x. Schematically
for a theory with fermion fields {Ψi(x)} and a gauge field Aµ, such an operator looks like:

Oµ...ν...(x) = Dµ...Aν(x)...Γ`1 ...Ψi1(x)...Ψj1(x)... (1)

where the fields in this equation are the renormalized fields of the theory, obtained by renormal-
izing the n-point functions. One such example of a local composite operator is the QED current
jµ(x) = ψ(x)γµψ(x), as it involves a product of fields at the same point.

Naively, because O(x) is composed of renormalized fields, one could think all its Green’s func-
tions will be finite. Unfortunately, this picture does not hold because of a subtlety which arises
from the operator product expansion (OPE). Recall that the OPE allows us to expand a product
of operators as a sum of other operators. For simplicity, we will assume we are working with
renormalized scalar operators {φi}i, so that the OPE acts as:

φi(x)φj(y) =
∑
k

Cijk(r, ∂r)φk(y) (2)

with r = |x− y|. The coefficients Cijk go as:

Cijk(r, ∂r) = r∆k−∆i−∆j (1 + crµ∂µ + ...) (3)

As we take x→ y to form a local composite operator, we take r → 0, and because Cijk ∼ r∆k−∆i−∆j ,
these coefficients Cijk will diverge. Thus if we compute a Green’s function of a composite operator
of renormalized fields, we should expect additional divergences which are separate from
the divergences of each individual field. For example, the Green’s function 〈φ(x)φ(y)〉 is
rendered finite by renormalizing the operator φ. However, because of the additional divergence in
the OPE, there is no reason to assume that the Green’s function 〈φ2(x)〉 will be finite, even when
using the renormalized fields φ. Therefore, we must develop a formalism to renormalize Green’s
functions of these local composite operators.

For notation, we will use |0〉 to denote the vacuum, and 〈...〉 to denote the time ordered correlator
〈0|T{...}|0〉.

2 Theory

To renormalize the fields and parameters involved in the computation of an n-point function, one
computes the function with renormalized parameters, adds in the counterterm diagrams, then sets
the sum to be finite. The counterterms are then picked to absorb the divergences, plus a finite
scheme-dependent constant. We will follow a similar procedure to renormalize a local operator.

Suppose we wish to renormalize a local operator O(x) which is a product of the renormalized
fields. The general procedure to renormalize this operator is to compute any non-vanishing Green’s
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function involving O(x), and then renormalize this Green’s function to render it finite. Typically,
this will be of the form:

〈O(x)φi1(x1)...φin(xn)〉 (4)

along with some combination of derivatives. The φik label the possible fields that can be a part of
the Green’s function. Performing this procedure for one Green’s function will render it finite for all
other Green’s functions. This is the same idea as in standard renormalization where once a field
has been renormalized by computing a single Green’s function containing it, all its other Green’s
functions will be finite (assuming every other operator in the Green’s function is also renormalized).

Before we can perform this renormalization, we must first discuss how to compute Green’s
functions perturbatively. As in the Feynman diagram expansion for n-point correlation functions,
we split the Lagrangian into a free piece and an interaction piece L = L0+Lint,where L0 describes
a free field theory. We can compute a Green’s function using the path integral approach:

〈O(x)φi1(x1)...φin(xn)〉 =
1

Z

∫
Dφie

i
∫
ddz LO(x)φi1(x1)...φin(xn) (5)

=
1

Z

∫
Dφie

i
∫
ddzL0

∞∑
k=0

ik

k!

(∫
Lint

)k

O(x)φi1(x1)...φin(xn) (6)

This equation looks almost exactly like the perturbative expansion for the n-point function, except
there is an extra insertion of the operator O(x). This means that the diagrams we can draw to
compute this Green’s function will have the same Feynman rules as in the original theory, except
we will have an additional vertex for the operator insertion, and each graph must contain exactly
one operator insertion.

These operator insertions act similar to standard Feynman rules, but they include a few novel
features. In each diagram:

1. Propagators are left attached to external legs.

2. Operators carry a momentum qµ and can inject this momentum into their vertex.

3. Certain operators can insert an additional structure into the calculation.

As an example of this, we will consider a scalar field theory with a φ3 interaction given by:

L =
1

2
(∂µφ)

2 − 1

2
m2φ2 +

g

3!
φ3 (7)

We will return to this theory later when we study mixing. We shall consider the operator O(x) =
1
2φ

2(x). The 1
2 is conventional, and is only there to pick up the symmetry factor of 2 associated

with the tree level diagram. For this theory, the Feynman rules are the typical φ3 rules with an
additional vertex denoting operator insertion. Because this operator is made of 2 composite fields,
it will inject momentum into 2 legs. We can compute its correlation function with two fields at tree
level by following out prescription:

〈O(q)φ(p1)φ(−p2)〉 = p1 p2 =
i

p21 −m2

i

p22 −m2 (8)

where the cross denotes an operator insertion. Notice that the value of this diagram is proportional
to each propagator. Furthermore, momentum conservation implies that the injected momentum
q equals p2 − p1; q can generally be nonzero. In this example, the operator injects no nontrivial
structure into the amplitude since it is very simple.
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In the next section we will compute the one-loop correction to this Green’s function. However,
before we explore mixing in this theory we must finish our general discussion. Now that we have
Feynman rules, we can in theory compute each Green’s function we need. Let O(0) be a local
operator1. We define a renormalized operator:

OR(µ) := ZOO(0) (9)

and as usual, we split ZO = 1+δO. We will use the counterterm to absorb the divergence. Note that
later when we introduce mixing, Equation 9 will generalize to include more operators. However,
that adds additional complexity for now, so we will only deal with operators in this section that do
not mix. The counterterm has an associated diagram:

p1 p2 =
i

p21 −m2
δO

i

p22 −m2 (10)

Once the counterterm is determined, one can compute the anomalous dimension of the
operator O. This quantity plays the role of the β function for operators, and describes how the
operator flows under a change of scale. The anomalous dimension γO is formally defined to satisfy
the following equation:

µ
d

dµ
OR(µ) = γOOR(µ) (11)

We are now in position to evaluate how the Green’s function:

Gn(x, x1, ..., xn) := 〈0|T{O(x)φ(x1)...φ(xn)}|0〉 (12)

flows under scale change. One can differentiate this and use the product rule to show that:[
µ
d

dµ
+ β(g)

d

dg
+

1

2
nγφ + γO

]
Gn = 0 (13)

This relation is known as the Callan Symanzik equation, and is an important relation between
how the various couplings and fields flow under the renormalization group. Note that each term
corresponds to an RG evolution of a specific part of the Green’s function: the β function for the
coupling, the anomalous dimension γφ for the fields, and γO for the running of the operator.

3 Mixing

When we renormalize a local operator, we typically need to be more general than Equation 9 and
include other bare operators in our expression for the renormalized operator. The divergences asso-
ciated with Green’s functions computed with the bare operator can generally have some structure
which cannot be absorbed solely by a counterterm insertion for the original operator, hence we
need more counterterm insertions to soak up the extra singularities. This phenomenon is called
operator mixing. We will show by explicit example how this occurs in the φ3 theory, then take
this story to the lattice, which offers a rich setting to study operator mixing.

Suppose we wish to renormalize an operator O in our theory. Let {Φi}i∈I be the set of all
operators with mass dimensions [Φi] ≤ O which transform in the same way under all symmetries

1O(0) is still a composite object made of renormalized fields, even though we denote it as a bare object. We will
call it the bare operator because it requires additional renormalization, as discussed in the first section.
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of the theory (Φi and O have the same quantum numbers). Then the renormalized OR(µ) can
be written as a linear combination of all the {Φi}:

OR(µ) =
∑
i

ZOiΦ
(0)
i (14)

as opposed to simply saying that OR = ZOO(0). The renormalization coefficient is now promoted
to a matrix in this space of operators Zij , and the anomalous dimension likewise becomes a matrix
γij , and Equation 11 becomes:

µ
d

dµ
ΦR
i (µ) = γijΦ

(0)
j (µ) (15)

This matrix differential equation can be solved to determine how the operator flows.

3.1 φ3 theory

To illustrate where mixing occurs, we will follow Collins [1] and work with the φ3 theory given in
Equation 7. We renormalize the operator:

O(q) =
1

2
φ2(q) (16)

We have computed the tree level amplitude in Equation 8, and the counterterm vertex in
Equation 10. There are four graphs that come in at one loop.

(A) (B)

p1

k

p2

(C)

p1 p2

k

(D)

The first two are already finite because the wavefunction renormalization δφ renders the pure
scalar loops finite. The third diagram is simple to compute in dimensional regularization, and using
d = 4− ε yields:

(C) =
g2

2(4π)3
i

p21 −m2

i

p22 −m2

(
2

ε
+ log(4πe−γµ2)

)
+ ... (17)

Note the divergent piece is proportional to the two propagators in the tree level Green’s function,
and thus this divergence can be picked up a counterterm from an O(0) insertion. However, the
second piece is a bit more complicated. The diagram equals:

(D) =
ig2

2(4π)3
i

p21 −m2

i

p22 −m2

i

(p1 − p2)2 −m2

[
m2 − 1

6
(p1 − p2)

2

](
2

ε
+ log(4πµ2eγ−1)

)
+ ...

(18)
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Counterterms cannot depend on momentum, so this divergence cannot be picked up if we naively
define out renormalized operator to be OR = (1 + δO)O(0). Instead, we need an operator which
at tree level has this same momentum structure. From looking at the structure of the graph, it is
clear that the operator that generates the tree level diagram:

p1 p2 =
i

p21 −m2

i

p22 −m2

i

(p1 − p2)2 −m2
(ig)

[
m2 − 1

6
(p1 − p2)

2

]
(19)

will be able to absorb this divergence, as a corresponding counterterm insertion from this operator
will be able to pick up the divergent piece attached to the propagator structure in Equation 18.
This graph is the tree level result for the correlator 〈Ω(q)φ(p1)φ(−p2)〉, where Ω is the operator:

Ω :=

(
m2 +

1

6
∂2
)
φ (20)

It is thus evident how to proceed: our prescription of OR = ZOO(0) is no longer sufficient to
absorb every divergence. Instead, we define our renormalized operator by:

OR := ZOO(0) + ZΩΩ
(0) (21)

where ZO = 1 + δO + ... and ZΩ = 0 + δΩ + ..., since OR must equal O(0) at first order. We can
read off the counterterms in MS:

δO = − g2

(4π)3
1

ε
δΩ = − g

(4π)3
1

ε
(22)

Using these counterterms, we see that the mixing matrix in the space spanned by {1
2φ

2, φ, ∂2φ} is:(12φ
2)R

φR
(∂2φ)R

 =

1 + δO m2δΩ
m2

6 δΩ
0 1 + δφ 0
0 0 1 + δφ

(12φ
2)(0)

φ(0)

∂2φ(0)

 (23)

Note that the latter two operators are already renormalized through the renormalization of φ(x),
since they do not suffer divergences in the OPE from being a local product.

Although we showed this with a simple example from a scalar field theory, the moral of the
story holds for any QFT. Whenever operators have the same quantum numbers, they are capable
of mixing into one another. In practice, operators typically do not transform exactly identically
and thus in most cases one can renormalize an operator without considering other structures it
may mix into. However, there are certain situations where mixing is more frequent. One of these
is that of lattice gauge theory, which we will now explore.

3.2 Mixing on the lattice

The lattice is a playground for studying operator mixing because of its decreased symmetry relative
to the continuum. When spacetime is discretized and a QFT is put on a (hypercubic) lattice, the
symmetry group of our theory is reduced from O(4) in the Euclidean continuum to H(4), the
group of symmetries of the hypercube. Because the lattice has significantly less symmetry than the
continuum, it is easier for two operators to transform in the same way under the entire hypercubic
group. To quantify this precisely, we need to classify how these symmetries act on operators in a
theory: namely, we need to study the irreps of H(4).
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The hypercubic group [2] is a discrete group with 384 elements, and it is easiest to think about
H(4) via analogy to H(3), the group of symmetries of the 3-dimensional cube. In 3 dimensions,
every symmetry of the cube implements a corresponding symmetry on the space of axes {x, y, z}
in R3, whether this is through a rotation, axis inversion, or both. We can visualize H(4) in exactly
the same way, as the set of inversions and permutations of the axes of R4. Mathematically, we can
identify H(4) as:

H(4) := {(a, σ) : a ∈ (Z/2Z)4, σ ∈ S4} = (Z/2Z)o S4 (24)

where S4 is the permutation group on 4 letters2. For example, the element ((1, 0, 0, 0), (34)) ∈ H(4)
denotes inversion through the 1 axis, and a permutation of axis 3 and axis 4.

To simplify our study of H(4), we will use the fact that it is generated by 3 elements:

α = (~0, (12)) (25)

β = (~0, (1234)) (26)

γ = ((1, 0, 0, 0), id) (27)

The element α permutes the 1 and 2 axes, the element β is a cycle which sends axis 1 to axis 2, axis
2 to axis 3, and so on. The element γ is a pure inversion, and inverts the 1 axis. By concatenating
these generators together in all possible manners consistent with the relations between them, we
can create every element of the group H(4). Thus to specify a representation of H(4), we need
only specify where the representation sends each generator.

H(4) has 20 conjugacy classes, and hence it has 20 irreps. These irreps can be classified via
a character table, but for us it will be sufficient to study a specific representation and tensor it
together, and then study the irreps which this tensor product decomposes into. There is a canonical
action of H(4) on the space of spin n tensors via using each element (a, σ) on the indices of a tensor
Oµ1...µn via permutation. This amounts to the map · : H(4)× R4 → R4:

(a, σ) · Oµ1...µn := (−1)a1+a2+a3+a4Oσ(µ1)...σ(µn) (28)

On the space of vector operators {Oµ}O, this action induces a morphism:

T : H(4) → Aut(R4) (29)

(a, σ) 7→ (Oµ 7→ (a, σ) · Oµ) (30)

This is an irreducible representation of H(4), and we denote it via the pair τ
(4)
1 := (T,R4). This

irrep is called the defining representation of H(4). We can think of this representation as acting
on the four dimensional space Lorentz vectors by acting H(4) as a permutation on the vector
components µ ∈ {1, 2, 3, 4}. As matrices, T sends the generators to:

T (α) =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 T (β) =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 T (γ) =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (31)

Because H(4) is a subgroup of O(4), irreps RO(4) of O(4) will break up into a sum of irreps of
H(4):

RO(4) =
⊕
i

Ri
H(4) (32)

2Here the product is semidirect because inversions and rotations are not disjoint in four dimensions. For example,
an inversion through each axis (denoted (1, 1, 1, 1)) is a pure rotation. This is counter to our intuition from three
dimensional space, because in three dimensions inversions are disjoint from rotations and so H(3) factors as a direct
product (Z/3Z)3 × S3.
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This is because each irrep of O(4) is clearly an invariant subspace under H(4) ⊂ O(4), but because
H(4) has a smaller amount of elements, there may be smaller subspaces of RO(4) which are invariant
under just H(4).

Each of the 20 irreps will be denoted as τ
(n)
k , where n labels the dimension and k labels the

copies of different irreps with dimension n. We will now consider decomposing the tensor product⊗m τ
(4)
1 into a direct sum of irreps τ

(n)
k . Spin m tensors live in this product space, so studying this

decomposition will let us see how spin m operators transform under H(4).
For example, let us consider spin 2 operators, which are of the form Oµν . In the continuum,

these operators live in the representation 4⊗ 4 of O(4), and we can decompose this representation
into the sum 4⊗ 4 = 1⊕ 6⊕ 9. Here 1 is the trace subspace, 6 is the subspace of antisymmetric
tensors, and 9 is the subspace of symmetric and traceless tensors.

On the lattice, we instead work with the defining representation τ
(4)
1 , the analog of 4 in the

continuum. Spin 2 operators will live in τ
(4)
1 ⊗ τ

(4)
1 , which has the decomposition [3]:

τ
(4)
1 ⊗ τ

(4)
1 = 1⊕ τ

(6)
1 ⊕ τ

(3)
1 ⊕ τ

(6)
3 (33)

Here we can immediately see the consequences of Equation!32. The singlet 1 and the antisymmetric

irrep 6 are still irreducible under H(4), and these correspond to 1 and τ
(6)
1 in the decomposition,

respectively. However, the symmetric traceless representation 9 splits into two irreps of H(4). The

two irreps τ
(3)
1 and τ

(6)
3 must be composed of symmetric and traceless tensors because they also

live in 9, and indeed they are:

τ
(3)
1 =

{
1√
2
(O33 −O44),

1√
2
(O11 −O22),

1

2
(O11 +O22 −O33 −O44)

}
(34)

τ
(6)
3 =

{
O{µν} : 1 ≤ µ < ν ≤ 4

}
(35)

where the brackets on the indices O{µν} means to symmetrize and trace-subtract. Each operator
in the multiplet has the same renormalization coefficient Z, although the different multiplets will
renormalize differently.

We can extend this to arbitrary spin operators. For our purposes, examining the spin 3 and
spin 4 will be enough to demonstrate how operator mixing works. These decompositions give:

Oµνρ ∈ τ
(4)
1 ⊗ τ

(4)
1 ⊗ τ

(4)
1 = 4τ

(4)
1 ⊕ τ

(4)
2 ⊕ τ

(4)
4 ⊕ 3τ

(8)
1 ⊕ 2τ

(8)
2 (36)

Oµνρσ ∈ τ
(4)
1 ⊗ τ

(4)
1 ⊗ τ

(4)
1 ⊗ τ

(4)
1 = 4τ

(1)
1 ⊕ τ

(1)
2 ⊕ τ

(1)
4 ⊕ 3τ

(2)
1 ⊕ ... (37)

The reduced symmetry of the lattice means that these decompositions will have more copies of
the same irreps than the corresponding decompositions in the continuum had. Thus, there will be
more of a chance that different operators will mix, as operators can only mix if they live in the
same irreps and transform identically, both under H(4) and under any other symmetries of the
theory (for example, charge conjugation C).

Let us consider spin 4 operators, all of which live in ⊗4τ
(4)
1 . Note that this product contains 3

copies of the irrep τ
(2)
1 . Two of these copies it contains have the quantum number C = +1, while

the other copy has C = −1, so we expect mixing between the two copies of τ
(2)
1 with C = +1.

To quantify this, let A1 and A2 be these two copies of τ
(2)
1 . If we are given an arbitrary operator

O ∈ A1, we can determine what other operator in A2 it mixes with by finding an operator in A2

which transforms identically.
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An algorithmic way to do this is to pick a basis of A1 and find a basis of A2 which transforms
in the exact same way. We will use the basis {u1, u2} given by:

u1 =

√
6

2

(
O{1122} +O{3344} −O{1133} −O{2244}

)
(38)

u2 =
1√
2

(
2O{1144} + 2O{2233} −O{1122} −O{3344} −O{1133} −O{2244} + ...

)
(39)

(Equations 91 and 92 of [4]) for A1. Under α, β ∈ H(4), these basis elements transform as:

(u1, u2)
α−→

(
1

2
u1 −

√
3

2
u2,−

√
3

2
u1 −

1

2
u2

)
(40)

(u1, u2)
β−→

(
1

2
u1 +

√
3

2
u2,

√
3

2
u1 −

1

2
u2

)
(41)

(42)

and these elements are fixed under γ. Now, there is a corresponding basis {w1, w2} of A2 which
transforms identically, where the w2 are given by:

w1 =
1

4
√
3
(−O1122 −O2112 −O1221 −O2211 + ...) (43)

w2 =
1

12
(4O3232 +O1122 +O2112 +O1221 +O2211 + ...) (44)

(Equations 95 and 96 of [4]) which transform identically, i.e. w1
α−→ 1

2w1 −
√
3
2 w2, and so on.

Using these bases, we can explicitly see which operators will mix with one another. For any
operator χ ∈ A1, we can expand χ = α1u1 + α2u2 for coefficients αi ∈ C. Because we have
chosen {u1, u2} to transform identically to {w1, w2}, χ will transform identically to the operator
Φ := α1w1 + α2w2 ∈ A2. Hence χ and Φ will mix under renormalization:(

χR

ΦR

)
=

(
Zχχ ZχΦ

ZΦχ ZΦΦ

)(
χ(0)

Φ(0)

)
(45)

Note since these operators have the same mass dimensions, the mixing matrix will generally expand
both χR and ΦR as a linear combination of both bare operators.

The nature of mixing on the lattice often means that if one wants to precisely renormalize
an operator, much more computation needs to be done. All lower dimensional operators must be
analyzed to see if they have the same quantum numbers, and because H(4) ⊂ O(4) has significantly
reduced symmetry, there are less constraints for two operators to transform identically. However,
because the off diagonal operators begin at second order, Zij = 0 + δij + ..., corrections to the
renormalized operators due to mixing are typically small and induce on the order of a 10% error
into the computation. Since this error is on the same order of magnitude as other computational
errors, typically mixing is ignored unless it is easy to quantify or shown to induce a larger error
into the computation. As lattice gauge theory evolves and calculations become more precise, more
will need to be done to focus on operator mixing and compute these mixing coefficients to achieve
percent level uncertainties.
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