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1 Overview

Instantons and solitons are solutions which arise to the classical field equations which are intimately
tied to the topological properties of our fields. Instantons are classical solutions to the field equations
which occur over time as we study the limits of our theory with t → ±∞, and solitons are time-
independent solutions. These are inherently non-perturbative phenomena, and they will not show
up at any order in perturbation theory.

We will study both of these in a semi-classical limits. We will be interested in solutions to the
classical equations of motion for our theory; solitons and instantons can be treated by approximating
the path-integral with the steepest descent method, where the stationary points of the action
(classical solutions) with δS|φ0 = 0 are the main contributors to matrix elements. We will do this
rigorously in the next section, but for now we may note that (in Euclidean time) this approximation
takes the form: ∫

Dφe−S[φ]/~ ∼ Ce−S[φ0]/~(1 +O(~)) (1)

where φ0 is a classical solution to the field equations that makes the action stationary. Instanton
and soliton solutions will have the property that if we examine S[φ0], we will see that S[φ0] ∼ 1/λ,
or some power of this, where λ is the coupling constant. Since perturbation theory expands the
action in powers of λ, we can see explicitly that such a solution will have non-perturbative
effects because e−

1
λ is non-analytic and cannot be expanded in a power series.

Instantons and solitons are topological objects at their core. They essentially measure the
“twisting” of a field on the boundary of spacetime into the set of vevs that the field can take on,
and as such are often connected to spontaneous symmetry breaking. As an example, consider the
double well potential in a (1 + 1)d field theory:

V (φ) =
1

8
λ(φ2 − v2)2 (2)

This potential is plotted in Figure 1a. This theory has two vacua, ±v, and the original symmetry
group of Z/2Z is spontaneously broken. A classical field configuration which minimizes the energy
of the theory must therefore approach either v or −v asymptotically as x → ∞. These can be
topologically trivial and stay in the same vacuum as x → ±∞, or they can be interesting and
interpolate between the two vacua. A nontrivial solution which begins in the −v vacuum and ends
in the +v vacuum is depicted in Figure 1b.

This solution is interesting because we can look at its energy: it is called a soliton. Recall the
energy scales in our problem: the φ boson gains a mass through spontaneous symmetry breaking
of:

m2 = λv2 (3)
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The field configuration in Figure 1b also has some inherent energy because of the transition it
undergoes between the two vacua. Its energy can be evaluated classically as:

E =

∫
R
dx

[
1

2
(φ′)2 + V (φ)

]
=

1

2

∫
R
dx
(
φ′ −

√
2V (φ)

)2
+

∫ v

−v
dφ
√

2V (φ)

=
1

2

∫
R
dx
(
φ′ −

√
2V (φ)

)2
+

(
2m2

3λ

)
m (4)

where φ̇ = 0 because this is a time-independent solution. The first term is positive definite, and
the second term is a result of the field changing vacuums. We see that for our field configuration
to satisfy φ(±x) = ±v, it must have an energy of at least

M =

(
2m2

3λ

)
m. (5)

This is called the mass of the soliton. In the weak coupling limit with λ << m2, the soliton mass is
M >> m and introduces a heavy scale into the problem. Furthermore, it is topologically protected:
it would require an infinite amount of energy to remove the kink from the field configuration, as we
would have to put in the energy to flatten out the curve in Figure 1b at an uncountable number of
points. Putting a finite amount of work into trying to change the field configuration to a trivial one
would only serve to move the kink along the real line, and wouldn’t remove this massive excitation
from the theory. We can change frames and boost the kink, and it acts like a particle; upon a
Lorentz boost with parameter γ, the soliton’s energy will become E = γM , and so we can treat
this field configuration as a particle of mass M which can be boosted and move around dynamically.

(a) Double well potential. (b) Soliton solution to classical EoM with
φ(x→ ±∞) = ±v.

The major theme that we will see in these notes is that we can classify vacuum field configura-
tions via maps:

{Boundary of spacetime} → {Vacuum manifold} (6)

In this (1 + 1)d soliton solution, we had to map the two points on the boundary of spacetime to
one of two vacuum values, ±v, and the choices of where to map each one are topologically distinct;
they cannot be deformed into one another with a finite amount of energy. Topologically equivalent
field configurations will end up living in the same homotopy classes, and we will see that we can
classify these classical field configurations via homotopy groups. For now, though, we will dive into
another toy model: that of tunneling in quantum mechanics. We will use the method of steepest
descent to study tunneling quantitatively, because many of the features that are seen in this simple
model can be ported over to QCD and more complicated field configurations relatively easily.
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Interlude 1: Homotopy groups

Homotopy is a topological property of maps which tells us about deformation. Given two
maps between topological spaces f, g : X → Y , a homotopy between f and g is a map
h : X × [0, 1]→ Y such that:

h(x, 0) = f(x) h(x, 1) = g(x) (7)

for each x ∈ X. This means that h(x, t) smoothly interpolates between f(x) at time t = 0
and g(x) at time t = 1. One can think of h as a smooth deformation of f into g. The
existence of a homotopy between two maps can us a great deal about the topology of the
underlying space. Suppose we have two curves γ1, γ2 : [a, b]→ Y . If there is a homotopy
between γ1 and γ2 which fixes the endpoints of each curve , this tells us there are no
“holes” in the space between γ1 and γ2. For a concrete example, check out Figures 2a
and 2b. When a point between the curves is removed, they can no longer be deformed
continuously into one another.

(a) A homotopy in Y = R2 from γ1 into
γ2..

(b) If R2 is punctured, we can no longer
deform γ1 into γ2.

This brings us to the discussion of homotopy groups. We can put a relation ∼ on maps
X → Y by demanding that f ∼ g iff f and g are homotopic. It is easy to prove this is an
equivalence relation, so we can quotient out by ∼. We can furthermore give each
equivalence class a group structure by concatenation, i.e. if [α] and [β] are equivalence
classes of maps with common starting and ending points (loops), then [α] · [β] := [α · β] is a
map which does α first, then does β. When X is the n-sphere Sn, we call the homotopy
classes of loops Sn → X equipped with this group multiplication the nth homotopy
group of X, and denote it by πN (X).

As an example, π1(R2) = 0 because every loop can be continuously deformed into
every other loop. However, if we look at the punctured plane, π1(R2 \ {(0, 0)} ∼= Z. A map
which winds around the puncture n times cannot be deformed into a map which winds
around the puncture m times; to create a homotopy between these loops, we would need to
pass over the puncture, which we cannot do continuously. In the same way, we have the
fundamental relation:

π1(S
1) ∼= Z (8)

The nth homotopy class is generated by the map with winding number n, eiθ 7→ einθ.
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2 Instantons in QM

This section will examine how instantons arise in a regular 1D quantum mechanical theory; it
will rely heavily on Sydney Coleman’s lectures on symmetry [2], Ch. 7. We will study the three
potentials depicted in Figure 3. The first potential is just a simple harmonic oscillator, which will
give us a glimpse of how a free theory behaves. The second potential is a double well, and it is here
we will see the first example of instantons; these will be classical trajectories moving us from one
well to the other. Finally, we will briefly look at a periodic potential, which is sometimes called an
instanton gas.

Figure 3: Potentials of interest: a harmonic well, a double well, and a periodic potential.

Some of the features will be quite similar to the 1D soliton solution we discussed above, because
we we will be using the same generic type of potential. The differences between this example and
the previous one is the dimensionality of the configurations we are looking at. In the soliton case,
we considered a field in a (1 + 1)d theory, since we looked at the soliton as a time-independent
classical solution which is localized in space. In this section, we consider instantons in QM: these
are no longer time-independent solutions and are occuring in a (0 + 1) dimensional spacetime (i.e.
quantum mechanics). The essential machinery that we will use is about the same, but the setups
are subtly different.

To begin, we will compute the Euclidean transition amplitude

〈xf |e−HT/~|xi〉 =

∫
Dxe−S[x]/~ (9)

for the simple harmonic oscillator using the principal of steepest descent. Recall steepest descent
tells us that for an exponentially decaying integral like Eq. (9), the primary contribution to the
integral will come from a stationary point X(t) (we will assume there is only one for now) of
the action, i.e. δS|X = 0, multiplied by a characteristic width around this stationary point. The
stationary point can be obtained by varying the action, and the width from solving for the deviation
up to quadratic order about the stationary point:

−∂2tX + V ′(X) = 0 −∂2t xn + V ′′(X)xn = εnxn (10)

Note here that the stationary point solves the Euler-Lagrange equations for the potential of −V (x)
(the minus is due to the Wick rotation to move us to Euclidean space) and thus X(t) is a solution to
the classical equations of motion in the potential −V (x). This is a general feature and will allow us
to analyze instanton solutions with our intuition from classical mechanics. Mathematically, these
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solutions are combined into the equation:

〈xf |e−HT/~|xi〉 ∼ Ne−S[X]
∏
n

ε
− 1

2
n = Ne−S[X] det

(
−∂2t + V ′′(X)

)− 1
2 (11)

where ∼ denotes equality up to order O(~), N is some normalization, and we use that the deter-
minant of an operator is the product of its eigenvalues.

Since the negative potential is the one which appears in the Euclidean EoM, we sketch the
negative potentials in Figure 4.

Figure 4: Negative of the original potentials V (x), for use in the Euclidean EoM.

We can then determine the classical solutions X by analyzing the classical orbits in the potential
−V (x). For the SHM potential, there is only one stable solution for X: the solution where X is
identically 0. In this case, S[x0] vanishes, and Coleman shows that in the T →∞ limit, the SHM
determinant factor is:

Ndet(−∂2t + V ′′(X)) =
( ω
π~

) 1
2
e−ωT/2 (12)

Using this expression in 11 and S0 = 0, we can immediately read off the lowest energy level for the
oscillator by comparing this solution to the spectral decomposition 〈xf |e−HT/~|xi〉

∑
n e
−EnT/~ →

e−E0T/~ as T → ∞. This reproduces the correct ground state energy E0 = ~ω/2; although this
process is much more labor intensive than the usual methods to compute energy eigenvalues, we
will see the advantages it grants us in the double well case.

Let us now consider the double well potential, V (x) = λ(x2−v2)2. The negative of this potential
is shown in Figure 4, and like in the SHM case we wish to analyze the classical orbits of −V (x).
This case shares some similarities with the previous one; we can have two SHM-like solutions where
X ≡ v or X ≡ −v and is stationary, or we can consider a more intricate solution, where our particle
starts at ±v and rolls along the well, eventually stopping on the other peak at ∓v. This solution is
called the instanton solution. It corresponds to the orbits of the classical field equations which
lead to tunneling, as we can see since the particle ends on a different hump than it starts on (in
Minkowski spacetime without the Wick rotation, this solution corresponds to a particle tunneling
from one well to the other). We wish to study the instanton solution by determining the matrix
element:

〈v|e−HT/~| − v〉 (13)
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This corresponds to considering classical trajectories with X(−T/2) = −v and X(T/2) = v and
taking T → ∞. There are an infinite amount of classical trajectories in this limit, parameterized
by a center-time tc:

X(t; tc) = v tanh

(
ω(t− tc)

2

)
(14)

The solution starts at −v at T = −∞, crosses the origin at tc (i.e. X(tc; tc) = 0), and ends at v
at T = ∞. The T → ∞ limit is the reason that we have an infinite amount of solutions to the
equations of motion; this time translation invariance will result in some of the topological events we
will see. The solution X(t; tc) is called the instanton, and the opposite solution X(−t;−tc) which
goes from +v to −v is called the anti-instanton. By evaluating S[X], we arrive at the instanton
action:

Sinstanton = S[X] = − ω3

12λ
(15)

We see here the first evidence of non-perturbative effects: in Eq. (11), the factor of e−S[X] will not
be detected to any order in perturbation theory, since e1/λ is not an analytic function.
This means no amount of diagrams will ever generate this term, and it cannot be detected by
perturbation theory.

The full one-instanton solution to the double well is a bit more complicated to derive, but is
described in Section 3 of [3]. The solution is (with ~ = 1 here):

〈−v|e−HT |v〉1−instanton =

(√
ω

π
e−ωT/2

)(√
6

π

√
S[X]e−S[X]

)
ωdtc (16)

The factor K is introduced to clean up future expressions; Kn is proportional to the density of
instantons. A few notes about this:

1. This solution is general except for the prefactor of
√

6/π which appears from the determinant
of the differential operator in Eq. (11). We will see the general structure again when we
consider the BPST instanton in QCD.

2. The dtc is a remnant of the fact that the operator determinant det(−∂2t + V ′′(X)) is zero,
because the operator has a zero eigenvalue. This zero eigenvalue comes from the translational
invariance; we can shift the classical solutions in tc and still retain a stationary point of the
action, so the eigenvalue equation for εn, Eq. (10), has a solution with εn = 0. Since the full

expansion has a factor of
∏
ε
−1/2
n , evaluating the full path integral is formally infinite. So,

we instead suppress the integration over the zero mode in the path integral and leave the
integral explicit. The integration measure we are leaving unevaluated is

√
S[X]dtc, which is

where those factors appear.

3. The first piece of the equation in parentheses is the contribution from the free theory; you can
see this because it looks like the SHM path integral for large T . The second piece is called
the instanton density, and it is the number of instantons / anti-instantons that we see per
unit time:

d =

√
6

π

√
S[X]e−S[X] (17)

As mentioned before, the prefactor is potential-dependent, but the rest of the structure is
quite general.
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Now, we can construct solutions to the classical EoM which incorporate many instantons and
anti-instantons instead of just one. The idea here is that instantons are localized in time, and that
the main contribution to the instanton comes over a finite timescale δτ (outside of the interval
(tc − 1

2δτ, tc + 1
2δτ), X(t) is approximately constant and about equal to ±v). So, we can construct

approximate solutions to the equations of motion if we insert instantons that are well separated in
time, with tsep >> δτ . If we are looking at a large timescale T (and we are, since we’re taking
the T → ∞ limit), which is much larger than the dynamic timescale of each instanton, we can
then “sprinkle in” many instantons to create a new classical solution for our theory. As depicted
in Figure 5, we can have contributions to the amplitude 〈v|e−HT | − v〉 which correspond to moving
from the left well to the right well (one instanton), moving back from the right to left well (one
anti-instanton), and continue this pattern as many times as we like, as long as asymptotically our
solution satisfies X(T± → ∞) = ±v. One can then construct the total instanton contribution
to the tunneling amplitude by summing on instanton / anti-instanton insertions, and derive an
explicit formula for this amplitude– if you are interested, see Coleman’s notes. For now, I will just
state what the solution looks like, after summing on instanton / anti-instanton insertions:

〈±v|e−HT | − v〉 =
1

2

√
ω

π
e−ωT/2

[
exp

(
Ke−S0T

)
∓ exp

(
−Ke−S0T

)]
(18)

where K is a constant which can be related to the one-instanton solution.

Figure 5: Single and many instanton solutions to the EoM.

Finally, we should mention the last potential of interest: the case of a periodic potential. This
is the setting for what is called a dilute instanton gas (I’m not really sure why). Quantitatively
one can determine the one-instanton contribution much like in the double-well case. The difference
for this potential is that because it is periodic everywhere, when looking at the matrix element
〈mv|e−HT |−nv〉, one must consider an arbitrary path from −nv to mv. In the double well case, we
could only have alternating instanton / anti-instanton contributions, since X(t) has to be connected.
In this case, we can have instanton contributions from kv to lv for any integers k, l ∈ Z, as long as
in the infinite time limit they end up at ±v to satisfy the correct boundary conditions.

The periodic potential will provide some insight into the definition of the θ vacuum that we will
see later for gauge theories. If we let j− and j+ be two minima of the potential, we can construct
the tunneling amplitude by summing up all strings of instantons which connect |j−〉 with |j+〉. This
gives us (where n and n are the numbers of instantons and anti-instantons, and each instanton /
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anti-instanton takes us plus or minus one well, respectively):

〈j+|e−HT |j−〉 =

√
ω

π
e−ωT/2

∞∑
n=0

∞∑
n=0

1

n!n!
(Ke−S0T )n+nδj−+n,j++n (19)

Now, the idea is that we would like to find the energy eigenstates of this potential. We will do
this by expanding 〈j+|e−HT |j−〉 into a spectral decomposition; we will cast it as a sum or integral
of e−E(φ)T |N(φ), where |φ〉 are our energy eigenstates. We accomplish this by expanding δab =
1
2π

∫ 2π
0 dθ eiθ(a−b). Plugging this into the previous equation, we arrive at the desired decomposition:

〈j+|e−HT |j−〉 =

√
ω

π
e−ωT/2

∫ 2π

0

dθ

2π
ei(j−−j+)θ exp

(
2KT cos θe−S0

)
(20)

This allows us to see the spectrum of the periodic potential. There is a continuous set of energy
eigenstates labeled by θ ∈ [0, 2π), and each state θ〉 has energy:

E(θ) =
1

2
ω + 2K cos θe−S0 (21)

We can even determine the energy eigenstates by inserting a resolution of the identity with |θ〉〈θ|
into Eq. (20). We see that:

|θ〉 =

√
ω

π

1

2π

∑
j

eijθ|j〉 (22)

We are going to see an expression resembling this again very soon when we discuss the QCD
vacuum. Indeed, this toy model has many of the same features the possible QCD vacuum states.
Our energy eigenstates are a Fourier transform in j over the distinct topological vacuum states
|j〉. We can enumerate these eigenstates with the continuous parameter θ, and the energy has a
sinusoidal dependence on θ.
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Interlude 2: Differential forms and gauge theories

Differential forms are the language of physics. They provide an elegant formalism to study
gauge theories and whenever the topology of gauge theories is discussed, differential forms
naturally come into play. Let X(M) be the set of vector fields on a n-dimensional manifold
M , so if X ∈ X(M) is a vector field, then at each p ∈M , X|p ∈ TpM is a vector at p. A
differential k-form φ ∈ Ωk(M) is an alternating map which takes in k vector fields and
returns a function: you can think of φ as being a field on M with components φp such that
φp(X1|p, ..., Xk|p) ∈ R and φp(..., Xi|p, ..., Xj |p, ...) = −φ(..., Xj |p, ..., Xi|p, ...).

A connection on M is a map ∇ : X(M)× X(M)→ X(M) which satisfies the Leibniz
rule, ∇X(fY ) = (∇Xf)Y + f(∇XY ). Given a connection, we can define its curvature as
the tensor R : X(M)×X(M)→ End(X(M)), R(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
This tensor tells us the amount ∇ fails to preserve the Lie bracket on X(M). Let us pick a
orthonormal frame {e1, ..., en} (a smoothly-varying ON basis, so {e1|p, ..., en|p} ⊂ TpM is a
ON basis for TpM) for the tangent bundle of M . Then for each i, j, we can define two

differential forms of interest: the connection form (ωe)
j
i ∈ Ω1(M), and the curvature

form (Ωe)
j
i ∈ Ω2(M) as follows (this equation holds at each p ∈M):

∇Xei =: (ωe)
j
i (X)ej R(X,Y )ei =: (Ωe)

j
i (X,Y )ej (23)

ω is then a n× n matrix of one-forms, and Ω is a n× n matrix of two-forms. Using the
relations between ∇ and R, one can forms via the second structural equation:

Ωj
i = dωji + ωki ∧ ω

j
k (24)

Suppose we change our frame to {f1, ..., fn} via a unitary matrix aji (p) at each point,

so fi|p = ej |paji (p). Then it can be shown that ω and Ω change accordingly:

ωf = a−1ωea+ a−1da Ωf = a−1Ωea (25)

If we have a collection of framed open sets (U, {eUi }ni=1)U covering our manifold with

connection / curvature forms {(ωeU )ji , (ΩeU )ji}U satisfying the compatibility conditions,
Eq. (25), as we move from one patch to another, these locally defined forms completely
define the connection and the curvature on M . Furthermore, the change of frame equation
should look familiar to you: this is how the gauge potential Aµ and field strength Fµν
change under gauge transformation:

Aµ
U−→ U †AµU + U †∂µU Fµν

U−→ U †FµνU (26)

For a gauge theory we are really working with a connection on a principal bundle and not a
vector bundle, these are closely related, so we won’t deal with the technicalities. Let A and
F be the connection and curvature forms for the principal bundle describing our gauge
theory. Then we can take A = Aµdx

µ and F = 1
2Fµνdx

µ ∧ dxν , and a gauge transformation
is just a change in frame. Furthermore, the second structural equation, Eq. (24)
reproduces the usual relation between Fµν and Aµ (the antisymmetric wedge product on
the vector bundle gets lifted to a Lie bracket on the principal bundle):

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] (27)
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3 Solitons

Let us study solitons a bit more rigorously than in the introduction. Formally, a soliton is a time-
independent finite-energy field configuration which is a solution to the classical equations of motion.
The finite-energy (action) requirement means that the energy density of a soliton or instanton is
localized in space, and we can treat this lump of energy like a particle. It also implies that as we
take ~x→∞, φ(x) must minimize its energy and must approach the vacuum manifold, as we saw in
the 1d case where for x→ ±∞, φ(x)→ ±v. Because of this constraint, we can study solitons purely
topologically. In a (d + 1) dimensional QFT with vacuum manifold M , solitons must correspond
to maps from the boundary into the vacuum manifold:

Sd−1 = ∂Rd →M (28)

Solitons can be continuously deformed into one another iff they are homotopic, so to look for
distinct soliton solutions to the field equations, we are interested in the homotopy group:

πd−1(M) (29)

Different theories will have different values of d and different vacuum manifolds, so we will study
a few examples of this now to gain some intuition. Before we begin, we note that with only scalar
fields, finding soliton solutions is not usually possible.

Theorem 3.1 (Derrick). Using only scalar fields, there are no time-independent, finite-energy field
configurations which are localized in > 1 dimension.

This theorem is easily understandable by looking at the two-dimensional example. Consider a
complex scalar field φ(x) in a (2 + 1)d spacetime with the standard Mexican hat potential:

V (φ) =
1

4
λ(φ†φ− v2)2 (30)

The classical vacuum manifold M is the set of field configurations which satisfy |φ(x)|2 → v2 as
x→∞, so we can describe φ(x) as:

φ(r, θ)→ veinθ (31)

as r →∞ (since π1(S
1) = Z, every field configuration on the boundary is homotopic to einφ, where

n is the winding number of the configuration). We can thus guess an ansatz for the soliton solution
by multiplying this with a function of r:

φ(r, θ) = vf(r)einθ (32)

where f(r) → 1 as r → ∞. To see why Derrick’s theorem applies to this example, recall that

∇φ = veinθ(f ′(r)r̂ + inf(r)r θ̂). The energy of the field will thus be infinite as we take r →∞:

E =

∫
d2~x|∇φ|2 = v2

∫
d2~x

[
f ′(r)2 + n2

(
f(r)

r

)2
]

r→∞−−−→ v2n2
∫ ∞
0

dr
f(r)2

r
=∞ (33)

This behavior can be shown to be general in ≥ 2 spatial dimensions, because the measure dn~x =
rn−1drdΩ, and for n ≥ 2 this rn−1 term will dominate the integral and cause a divergence for n 6= 0.

So, where do we go from here to study more interesting topological features? We can look at
gauge theories. These will be different than theories with just a scalar field because in a gauge
theory, the kinetic energy term will use a covariant derivative instead of an ordinary derivative:∫

dn~x |Dµφ|2 =

∫
dn~x |(∂µ − igAµ)φ|2 (34)
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We can thus pick gauge field configurations which make this term finite as r →∞. For the previous
case, we will promote the global U(1) symmetry to a gauged U(1) theory. Then to make the energy
finite, we must have |Dµφ|2 → 0 faster than 1

r2
as r tends towards infinity. That is, we can take:

Aµ = − i

gv2
φ†∂µφ+O

(
1

r2

)
r→∞−−−→ 1

g

n

r
θ̂ (35)

The first term is pure gauge; it is locally a gauge transformation of the trivial field configuration,
since Aµ 7→ U †AµU + U †∂µU under gauge transformation. Adding in a term that is pure gauge is
sufficient to cancel out the diverging behavior of ∂µφ as r →∞, as long as there is no r dependence
in Aµ which will cause further divergences.

To study these soliton solutions, we are really just looking at what Aµ can look like on the
boundary of spacetime. In two spatial dimensions, ∂R2 ∼= S1, so we are looking at for continuous
fields on S1 which are valued in U(1) (these are the same manifolds, I am just using different
notation for conventional purposes). These fields are characterized by their winding number ν,
which is equal to their homotopy class. An explicit formula for this is given by evaluating the
circulation integral at the boundary of space:

ν =
g

2π

∫
S1(r→∞)

dsµAµ =
g

2π

∫ 2π

0
dθ r

n

gr
= n (36)

Fields which live in the same homotopy class can be deformed into one another with a finite amount
of energy; field configurations which live in distinct homotopy classes cannot. This is depicted
pictorially below: the maps we are interested in can be depicted by unit vector fields living on a
circle.

(a) Configuration with winding number ν =
1.

(b) Attempt to deform ν = 1 configuration
into a trivial ν = 0 configuration.

The original field in Figure 6a has winding number 1, and we wish to deform this continuously
into a field with winding number 0, which in this case will have arrows pointing straight up. As
shown in Figure 6b, we can rotate most of the black arrows into blue arrows without problem;
however, there will always be one point at which we are unable to continue performing this con-
tinuously. At the bottom point in the figure, we can either rotate the original vector left or right;
if we rotate it left, it will be discontinuous on the right, and vice versa if we rotate it to the right.
This is a direct consequence of π1(S

1) = Z; these two configurations are not in the same homotopy
class, and hence cannot be deformed into one another.
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4 Instantons in QFT

This pure gauge term is more general than just for the U(1) theory. Suppose we have a pure
gauge theory in D = d + 1 Euclidean dimensions with gauge group G. An instanton is a field
configuration in Euclidean spacetime with a finite action. Instantons will appear in processes like
tunneling, because in tunneling we are interested in probabilities to tunnel between different vacuum
states as a function of time. For the instanton to have a finite action, we need the field configuration
to approach the vacuum manifold as we take T → ±∞, and as we have already discussed many
times, the distinct gauge field configurations that the instanton can approach at ±T are given by
the homotopy classes of G.

Asymptotically, Aµ must decay so that
∫
tr[FµνF

µν ] becomes finite. This means that any
radial dependence of Fµν must decay faster than 1

r2
, so Aµ must have no dependence on r which is

stronger than 1
r2

. However, Aµ can have angular dependence on top of this behavior in r, as long
as Fµν vanishes. This means that Aµ must be pure gauge up to order 1

r2
, and so we have the same

expression as in the U(1) case:

Aµ = g∂µg
† +O

(
1

r2

)
(37)

where here g : S3 → G is an angular field with values in G. Under a gauge transformation U(x) ∈ G,
we see that:

Aµ 7→ (Ug)∂µ(Ug)† +O
(

1

r2

)
(38)

so Eq. (37) still holds with g 7→ Ug. If we can take U = g†, we can eliminate this pure gauge term
entirely. Unfortunately, hOmOtOpY says we cannot always do that. U(x) must be a global gauge
transformation, and hence a continuous map U : R4 → G. If g is not homotopic to the identity,
then we cannot extend g† to a global field on all of R4. This is easiest seen in our favorite example,
2d spacetime with G = U(1). Taking g = einθ to be an angular gauge transformation which is not
homotopic to the identity, we cannot extend g to a field on all of R2. At some point, there must
be a singularity which arises because of the nonzero winding number of g1. Thus as before, we can
classify distinct finite-action field configurations in this theory as elements of the homotopy group:

πD(G) (39)

Finally, we will turn a case of interest for the strong sector: G = SU(2). Yes, the gauge group
of QCD is SU(3). However, there is a theorem which states that any continuous mapping of S3

into a simple Lie group H can be restricted into a mapping S3 → SU(2) ↪→ H, and so it suffices
to only study the SU(2) case since for SU(3) this has the same properties.

In our usual 4 dimensions, the homotopy group of interest describing the spacetime boundary
maps into G is:

π3(S
3) ∼= Z (40)

since as a manifold, SU(2) ∼= S3. This means that like in the previous case, the winding number of
our instanton configurations describe them completely; if two configurations have different winding
numbers, then they are topologically distinct. The homotopy group π3(SU(2)) is generated by the
map ξ : S3 → SU(2):

ξ(xµ) =
x4 + i~x · ~σ

r
(41)

1In Figure 6b, this singularity would be at the center; as we move infinitesimally close to the origin, we cannot
form a continuous function which has the boundary conditions given by the black arrows.
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where we use the parameterization S3 = {(x1, ..., x4) ∈ R4 : x21 + ... + x24 = r2}. Similarly, the
winding number ν (i.e. homotopy class) of a map U : S3 7→ SU(2) is:

ν = − 1

24π2

∫
dθ1dθ2dθ3ε

ijktr
{

(U∂iU
†)(U∂jU

†)(U∂kU
†)
}

(42)

=
ig3

24π2

∫
dSµε

µνρσtr {AνAρAσ} (43)

This can be verified by showing it is a homotopy invariant and that it sends the map ξν to ν.
We will recast this formula for the winding number in terms of the field strength and the gauge

field. The Chern-Simons current is defined to be:

Gµ := εµνρσ
[
AaνF

a
ρσ −

1

3
gfabcAaνA

b
ρA

c
σ

]
(44)

This current is important to use because if we define the dual field tensor2 as

F̃µν =
1

2
εµναβFαβ (45)

then the tensor F ∧ F can be written as a total divergence of the current:

∂µG
µ = 8tr{F ∧ F} = F aµνF̃

µνa =
1

2
εµναβF aµνF

a
αβ (46)

where the two-form F = 1
2Fµνdx

µ ∧ dxν is defined in Interlude 2. The fact that tr{F ∧ F} is a
total derivative means that it is another non-perturbative effect induced by instantons. This term
cannot be detected in perturbation theory because since it is a total derivative, any Feynman rule
associated with it would have a sum of outgoing minus incoming momenta; this will yield 0 when
the momentum-conserving δ functions are put in place.

Since our instanton solutions are pure gauge and have no field strength, we can substitute the
Chern-Simons current in and express the winding number as an integral over it

ν =
g2

32π2

∫
dSµG

µ (47)

Finally, we can also use Stokes’ theorem to change the integration into a volume integral, which
makes it clear that the winding number is a topological invariant of the gauge field configuration:

ν =
g2

4π2

∫
R4

d4x tr{F ∧ F} =
g2

32π2

∫
d4xF aµνF̃

µνa (48)

Note that tr{F ∧F} a Pontryagin class of the principal bundle of interest (see Interlude 3 for more
on characteristic classes). As a top form, it can be integrated over the base manifold R4; this is a
homotopy invariant called the Pontryagin number of the bundle.

2The 1
2

is conventional and inserted so that taking the dual is idempotent, i.e. ˜̃F = F .
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Interlude 3: Characteristic classes

A characteristic class on a vector or principal bundle E →M is a global de Rham
cohomology class on the base which characterizes the topology of the bundle. By a
cohomology class on the base, we mean a closed form modulo an exact form, i.e a member
of

Hk(M) := ker(d : Ωk(M)→ Ωk+1(M))/im(d : Ωk−1(M)→ Ωk(M)) (49)

Studying the cohomology of a manifold in general is quite interesting and leads to a large
amount of topological invariants in its own right. For our intents and purposes, we are
interested in specific cohomology classes which can be constructed by the curvature form.
We will examine these classes for the tangent bundle of M ; the theory ports over reasonably
easily to principal bundles. Recall from Eq. (25) that the curvature form F transforms
under a change of frame as F 7→ AFA−1, where A ∈ GL(Rn) is an invertible n× n matrix.

A polynomial P (X) (here X = (Xj
i ) is a n× n matrix, and P (X) means a polynomial

P (X1
1 , X

2
1 , ..., X

n
n ) in the n2 entries of X) is called invariant under GL(Rn) if for each

invertible n× n matrix A ∈ GL(Rn), P (X) = P (A−1XA). We will denote the space of
such polynomials by Inv(gl(Rn)). Suppose we have a rank k invariant polynomial
P ∈ Inv(gl(Rn)). The reason we are interested in invariant polynomials is that P (F) is a
well defined, global differential form on the base M . This is because the polynomial is
invariant; since F can be gauge transformed with impunity without changing the physics
and F 7→ U †FU under such a transformation, any polynomial P (F) which equals
P (U †FU) will be a globally defined form in Ω2k(M) (since F is a 2-form and P is a rank k
polynomial). It turns out that this is more than just a globally defined form; P (F) is a
global cohomology class (i.e. P (F) is a closed form, dP (F) = 0) which is independent of
the connection on M . Therefore, we have a map:

cE : Inv(gl(Rn))→ H∗(M) (50)

P (X) 7→ [P (F)] (51)

where [·] denotes the cohomology class. This map is a ring homomorphism and is called the
Chern-Weil homomorphism; it says that if I have a basis {P1, ..., Pr} of Inv(gl(Rn)),
then I can construct r linearly independent cohomology classes {P1(F), ..., Pr(F)} on M .

It turns out that Inv(gl(Rn)) is a reasonably well studied object. This ring is
generated by the trace polynomials fk(X) := tr{X2k} for k ∈ Z (in even dimensions the
Pfaffian is also a generator; [Pf(F)] is the Euler class of a manifold). Therefore, given a
curvature form F , the form:

pk(TM) := tr

{(
i

2π
F
)2k

}
(52)

is a cohomology class in H4k(M). Note here that Fm+1 = Fm ∧ F is just F wedge itself
m+ 1 times, and the factor of i/2π is just a conventional normalization. This is called the
kth Pontryagin class of the tangent bundle, and if M is 4n dimensional, the integral of its
top Pontryagin class ∫

M
tr

{(
i

2π
F
)n}

(53)

is called the Pontryagin number of M (see Eq. (48)).
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5 Construction of the instanton solution; the θ vacuum

We wish to study the energy eigenstates of our 4 dimensional Euclidean gauge theory. Again, we
will use the gauge group G = SU(2), but everything we do with SU(2) will carry over to the group
SU(3), and in particular it can be used to study QCD. The first thing that we will do is to construct
a lower bound on the action: this is called a Bogomolny bound. Once we have such a bound,
we will find field configurations that saturate the bound. These field configurations will extremize
the action since it is explicitly bounded below, and hence these field configurations will give us an
explicit form for the instanton in our theory (the equivalent to this in QM is the X(t) states; these
minimize S[x0] and are the instanton solutions). Using F̃µνF̃

µν = FµνF
µν , we write:

1

2
tr
{
F̃µν ± Fµν

}2
= tr {FµνFµν} ± tr

{
F̃µνFµν

}
(54)

Integrating this, we see the left hand side is positive semidefinite and we can identify
∫
d4xtr{F̃µνFµν}

as 16π2/g2 times the winding number. This gives the Bogomolny bound:

S ≥ 8π2

g2
|ν| (55)

We can use this to find instanton solutions to our gauge theory: we simply must find field
configurations which saturate the Bogomolny bound. These are configurations in which the left-
hand side of Eq. (54) vanishes, i.e. configurations such that F̃ = ±F . One can solve this equation
for an ansatz for the instanton solution with winding number ν = 1. We will refer to this solution
simply as the instanton and the solution with ν = −1 as the anti-instanton, since we can build
up solution with arbitrary winding number n with a superposition of the appropriate number of
ν = 1 (instanton) and ν = −1 (anti-instanton) solutions. We construct the instanton solution using
the ansatz:

A(ν=1)
µ (x) = f(r)ξ

(x
r

)
∂µξ

(x
r

)†
(56)

where ξ is the map on the 3-sphere, Eq. (41), which generates π3(SU(2)) ∼= Z. This solution clearly
has winding number 1; plugging it into the constraint F = ±F̃ allows for a solution if:

f(r) =
r2

r2 + ρ2
(57)

Here ρ is a constant of integration and is called the size of the instanton because for r2 >> ρ2,
f(r) → 1 and the instanton solution has no more radial fluctuations. We can take this solution
and use it to fully construct the space of 1-instanton solutions to our theory by applying the
spacetime symmetries we have available to us; namely, we can boost it to change the position of
the center, scale it to make it larger, and gauge transform the solution. This means that for the
SU(3) case (specializing here to QCD) there is a 12-parameter family of instanton solutions, with
1 parameter from scale symmetry, four from boosting, and seven from gauge transformations (one
gauge transformation does not change the solution).

Now we will construct the θ vacuum, which are the energy eigenstates of our theory. The
end result will parallel what we did in the quantum mechanical case, and we will see that the
energy eigenstates are parameterized by an angle θ ∈ [0, 2π). Given two quantum mechanical states
corresponding to classical solutions to the Euclidean equations of motion |n〉 and |n′〉, the tunneling
amplitude between these states in any theory is proportional to an exponential of the action,
〈n′|H|n〉 ∝ e−S (this arises from the WKB approximation). Working with instanton solutions of

15



winding number ν and ν ′, we know they satisfy the Bogomolny bound, hence we know their actions
from Eq. (55). This means the tunneling amplitude from |ν〉 to |ν ′〉 is proportional to:

〈ν ′|H|ν〉 ∝ e−|ν−ν′|S1 (58)

where S1 = 8π2

g2
. Again, note that this tunneling amplitude is not analytic in the coupling g.

Knowledge of the the general behavior of the tunneling amplitudes allows us to construct energy
eigenstates. For θ ∈ [0, 2π), we can construct the states:

|θ〉 :=

∞∑
ν=−∞

eiνθ|ν〉 (59)

It is possible to show that H|θ〉 = E(θ)|θ, and the energy density of state |θ〉 is given by:

E(θ)

V
= −2K cos θe−S1 (60)

where K is a constant related to the evaluation of an operator determinant (as in the QM analysis).
These states make up the theta vacuum, which is the energy eigenbasis of instanton solutions.
It is essentially a Fourier transform over winding number. These states split our theory up into
an uncountable number of distinct vacua |θ〉, each with a different energy which is proportional to
cos θ.

Now, we have so far been looking at static solutions on the boundary of spacetime, i.e. homotopy
classes of maps ∂R4 → SU(2). It is not clear why we have been discussing tunneling amplitudes
when these are all static configurations, since we have not been looking at solutions flow from time
−T to +T with large T . To recast what we’ve done in another lens, let us see if we can construct
spatial solutions which begin at time −T → −∞ and end at T → ∞. It turns out that we don’t
need to discuss any more topology if we specify our boundary conditions; for each timeslice, we’re
interested in field configurations U(~x), where ~x is a position vector in R3. If we specify that as
~x→∞, U(~x)→ U0 for some constant value U0 ∈ G, then instead of considering fields U : R3 → G,
we can consider fields which lie on the one-point compactification of R3, which conveniently is
diffeomorphic to the 3-sphere:

S3 = R3 ∪ {∞} (61)

Thus if we wish to consider field configurations at a fixed point in time, as long as we impose that
they asymptotically approach the same value of U0 as ~x → ∞ we can use the same topological
considerations that we’ve already been studying.

To study tunneling, this implies that we can consider |ν−〉 to be a field configuration with
winding number (on our compactified space R3 ∪ {∞}) ν− at time T → −∞, and |ν+〉 to be a
configuration with winding number ν+ at T → ∞. The tunneling amplitude from |ν−〉 to |ν+〉 is
then simply the matrix element we’ve studied before:

〈ν+|e−HT |ν−〉 (62)

where H is diagonalized by the |θ〉 vacuum. Our instanton solutions can be considered as states
like X(t) in the quantum mechanical case which interpolate between spatial field configurations
U(~x) with different winding numbers.

When we work in the vacuum |θ〉, an extra term must be added to the Lagrangian. This term
is likely already pretty familiar to you. To see how this term enters the action, we take the setup as
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before where we are interested in tunneling from the state |ν−〉 at T → −∞ and |ν+〉 as T → +∞.
To determine the tunneling probability, we need the partition function:

Zν−→ν+(J) =

∫
DA(ν)

µ e−S+JAδν,ν+−ν− (63)

where we are integrating over fields A
(ν)
µ with fixed winding number ν, and we only select the fields

with winding ν = ν+ − ν−. We can also examine the tunneling probability between two different
θ-vacua, starting at |θ〉 at T → −∞ and ending at |θ′〉 as T → ∞. Then we can decompose the
partition function of interest into a sum of Zn−→n+ which have the correct winding numbers, as
|θ〉 is a Fourier transform over winding numbers:

Zθ→θ′(J) =
∑
n−,n+

ei(n+θ′−n−θ)Zn−→n+(J) (64)

= δ(θ − θ′)
∑
n

einθ
∫
DA(ν)

µ e−S+JAδνn (65)

This last piece is called the partition function for the θ vacuum, and is defined for the θ vacua
|θ as:

Zθ(J) :=
∑
n

einθ
∫
DA(ν)

µ e−S+JA (66)

We can see that this winding number einθ essentially adds a piece to the action of each field
configuration we are summing over; it may be incorporated into the Lagrangian via expanding the

δ function as an integral and then using
∑

n

∫
DA

(ν)
µ δνn =

∫
DAµ, we see that taking the vacuum

state to be |θ〉 means we must modify the gauge action to be:

Zθ(J) =

∫
DA exp

(∫
d4x tr

{
−1

2
FµνF

µν +
ig2θ

16π2
F̃µνFµν + JµAµ

})
(67)

which is exactly the CP violating term which shows up in the strong CP problem (which we will
discuss next). As we already discussed, this term is a total derivative and hence does not show
up in perturbation theory, yet we have seen that it physically affects the energy density of the θ
vacuum. It will also appear in computations of the neutron electric dipole moment, which allows
us to bound the value of θ for the universe that we live in.
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6 The strong CP problem

To discuss strong CP, we recall some basic facts about the chiral anomaly. Recall that the symmetry
ψ 7→ eiθγ5ψ is anomalous and has a sign dependent on the chirality of the field ψ. This anomaly is
encoded in a variation of the path integral measure under the symmetry:∫

DψDψ 7→
∫
DψDψ exp

(
iθ

∫
d4x

g2

16π2
F aµνF̃

µνa

)
(68)

Note that the measure transforms exactly proportional to the winding number and picks up a phase
of eiθν . I’m not exactly sure why this occurs, but I’m sure there’s some interesting topological
reason for it. Let’s now work in the Standard Model, where we have multiple generations of left
and right handed fermions. Under chiral rotations ψR 7→ RψR and ψL 7→ LψL, we have the same
transformation law for the measure, Eq. (68), but now generalized to multiple generations by the
relation:

det(R†L) = reiθ =⇒ θ = arg det(R†L) (69)

We see no anomaly is picked up under non-chiral rotations L = R, and that if just the left-handed
or right-handed fields are rotated, then the measure picks up a phase.

This discussion will help us study the CP violating term in the strong sector, and explain why
there is no such term in the electroweak sector. For the Standard Model gauge group, we can add
the following CP violating terms to the Lagrangian:

δLSM = θQCD
g2S

16π2
F aµνF̃

µνa + θ2
g2

16π2
εµναβW

a
µνW̃

µνa + θ1
(g′)2

8π2
BµνB̃

µν (70)

Since a chiral transformation will add a term proportional to eiθν to the path integral, this term is
simply added to the action. By making chiral transformations on our fermion fields, it thus clear
that we can rotate around θQCD, θ2, and θ1. The question we want to ask is if we can remove these
angles from our theory by redefining the phases of our fields, and how to determine which of these
angles are physical.

Here’s the idea: to determine which of these parameters are physical, we observe that physical
parameters must be independent of basis conventions; rotating our fermion basis via the K and U
matrices cannot change the overall physics.

Let’s look at the Yukawa matrices for the quark fields. We’re only looking at θQCD for the
moment, so we won’t consider the lepton doublet yet. Without loss of generality (since we can just
redefine our K matrix), we can redefine the quark field rotations which diagonalize Yu and Yd as:

Yd = UdMdU
†
dK
†
d Yu = UuMuU

†
uK
†
u (71)

The reason to look at the decomposition of Y as UMU †K† instead of our typical Y = UMD† is
that now the U rotation is non-chiral; we can remove it by rotating the left and right-handed fields
by the same amount. In the previous case, we had to rotate the right handed fields purely by K
and the left handed fields purely by U , but this new definition makes it transparent that the only
chiral rotation we need to consider is that of K†d and K†u. Upon the rotations ψR 7→ KUψR and
ψL 7→ UψL, Lagrangian will pick up a term proportional to −θFF ∧ F , where θF is the argument
of the chiral rotation matrices. Explicitly looking at the chiral anomaly, this angle is:

θF := − arg det(KdKu) = − arg[det(MdMu) arg(YdYu)] arg det(YdYu) (72)
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since the mass matrices are purely real. Under this transformation, the strong CP term becomes:

LθQCD
= θ

g2s
16π2

F aµνF̃
µνa (73)

where θ is the strong CP phase:
θ := θQCD − θF (74)

The strong CP phase is invariant of the chiral rotations we do on our fields. If we’re working
in a basis where the Yukawa couplings are purely real, then θF = 0, but the phase shifts entirely
into the QCD phase, θQCD = θF . If, on the other hand, we are using a basis where the Yukawa
couplings have an imaginary component, θF 6= 0 and θ = θQCD + θF . As we change our basis, θ
stays invariant, and this phase redistributes itself between θF and θQCD. As Schwartz says, θ is a
basis-independent measure of CP violation in the strong sector.

Let’s see how this works in the electroweak sector. To remove the θ2 angle, the key idea is
that right handed fields don’t couple to SU(2)L; therefore, a rotation of right handed fields will
not change the term proportional to θ2tr{W ∧W} term in the Lagrangian. We begin by using a
right-handed rotation to make the Yukawa couplings purely real. With the Yψ real, we make a left
handed rotation to move the phase θ2 entirely into the Yukawa couplings. Now that θ2 vanishes
and all the phase is in the Yukawas, we can perform another rotation on the right-handed fields to
remove θ2 from the Yukawa couplings. Since the right-handed particles don’t couple to Wµν , this
does not put the phase back into θ2tr{W ∧W}. Instead, it removes the phase completely from the
theory, and with this sequence of field redefinitions we can drop the CP violating θ2tr{W ∧W}
term entirely.

We see that the existence of a field which is uncharged under the corresponding gauge symmetry
allows us to remove the CP violating term from the Lagrangian via rotating the phase entirely into
the Yukawa couplings, then rotating the uncharged field to remove the phase from the Yukawa
couplings without regenerating the term in L which we removed originally. This argument holds
to remove the U(1) phase as well, since neutrinos are uncharged under U(1)3.

So, we have shown that θ2 and θ1 can be removed through field redefinitions and are not
physical parameters of the Standard Model. What about the strong sector? We do not believe we
can remove θQCD from using our previous techniques, and this leads to the strong CP problem:
why have we not seen θ experimentally? θQCD influences two main observables: the vacuum field
energy, and the neutron’s electric dipole moment. θ is the same term which appears in our study
of the θ-vacuum, and thus the vacuum field energy is proportional to cos θ, via the arguments we
saw in the instanton sector. However, a more direct measurement of θ can be made by measuring
the electric dipole moment of the neutron. A computation of the neutron’s EDM shows that
it becomes nonzero at one-loop order is directly proportional to θ. However, direct measurements
of the neutron’s EDM have shown it to be consistent with 0, and these measurements have been
made to increasingly high precision. The current bound this puts on θ is:

θ < 10−10 (75)

and one of the great mysteries of the Standard Model is why the value of θ is so small. There are
a few current hypotheses which solve the strong CP problem:

3I’m a bit confused about this: neutrinos are charged under U(1)Y , which is how the CP violating term is written
out. I see two possibilities for how this occurs: 1) neutrinos are uncharged under U(1)EM, so maybe we can use this
group instead of U(1)Y to remove the term, or, 2) if we allow right-handed neutrinos to enter the SM, then these are
sterile under U(1)Y and can be used to remove the hypercharge term.
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1. One quark is massless, mu = 0. This is technically possible because mu is computed indirectly
through measurements of the pion and other hadrons, and so while it is unlikely, it is possible
the up (or down) quark has no mass. In this case, the mass matrix determinant vanishes:

det(MdMu) = 0 (76)

This implies that det(KdKu) vanishes, and phase θF is unphysical and we can completely
absorb the strong CP phase via a field redefinition.

2. Axions: A scalar axion field is added to the Standard Model which spontaneously breaks a
new symmetry that is also added. This spontaneous symmetry breaking dynamically sets
θ ≈ 0.

3. Spontaneous CP violation: This occurs if CP is an exact symmetry of nature at some large
scale, and spontaneously broken as we flow to lower scales.

7 The U(1) problem: η and η′ mesons

The U(1) problem arose through studying the spectrum of light u, d, s mesons with chiral perturba-
tion theory. When analyzing the symmetry breaking pattern of χSSB, we naively expect to begin
with the full symmetry group U(Nf )L×U(Nf )R and break it down to U(Nf )V . However, in nature
the symmetry breaking pattern:

SU(Nf )L × SU(Nf )R → SU(Nf )V (77)

is the one which is physically realized in the light spectrum of QCD. To determine why we see this
symmetry breaking pattern and not the full unitary groups, one must consider what the U(1)V and
U(1)A symmetry groups correspond to.

U(1)V is the vector phase rotation which rotates both the left and right handed fields by the
same phase α:

q 7→ e−iαq (78)

and is a non-anomalous symmetry in full QCD which is not spontaneously broken because under
U(1)V , the quark condensate 〈qq〉 transforms into itself. This symmetry corresponds with baryon
number symmetry, which is a symmetry of the Standard Model (or really, B − L is).

On the other hand, U(1)A is the axial rotation which rotate left and right handed fields with
opposite phases:

q 7→ e−iαγ5q (79)

Unlike the vector transformation, the axial phase rotation does not leave the quark condensate
invariant:

〈qq〉 7→ e−2iα〈qq〉 (80)

and thus we would expect χSSB to include U(1)A in its symmetry breaking pattern, i.e. we would
expect the pattern of symmetry breaking would be SU(Nf )L × SU(Nf )R × U(1)A → SU(Nf )V .
For Nf = 3, this would correspond to dim(U(3)A) = 9 broken generators, which would give us nine
approximate Nambu-Goldstone bosons in the perturbative theory.

In nature we observe the psuedoscalar nonet, which is constructed from the following particles:
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Pseudoscalar meson π0, π± K±, K0, K
0

η η′

Approximate mass (MeV ) 140 500 550 950

Table 1: The pseudoscalar nonet and approximate masses of each particle.

If we assume that U(1)A is part of the spontaneously broken symmetry, we have our 9 approxi-
mate Nambu-Goldstone bosons. However, the problem lies in the mass spectrum of these particles.
The η′ boson is the particle corresponding to the broken generator of U(1)A since it is the singlet
(uu+dd+ss)/

√
3, but it is significantly heavier than the other particles and not nearly degenerate,

as we would expect since all the particles came from the same symmetry breaking4. This puzzled
physicists for a long time, because one would expect the η′ meson to have a mass on the same level
as the other particles, since it (supposedly) came from the same symmetry breaking. This is the
U(1) problem.

The solution to this axial U(1) problem is quite simple: the presence of the chiral anomaly
∂µj

µ
5 6= 0 means that in fact, U(1)A is not a symmetry in the theory to begin with. The symmetry

breaking pattern is therefore SU(3)L × SU(3)R → SU(3)V as is manifested in nature, and we
have no problem. The η′ meson is not a pseudo Goldstone mode, because the corresponding broken
generator it corresponded to was never a symmetry generator at all. Thus there is no problem, and
there only appeared to be one because the chiral anomaly was not taken into account.

Now, one may ask: what does this have to do with instantons? Why not discuss this when we
talked about chiral symmetry breaking? The reason is this: instantons allow for a computation of
the mass of the η′, so although we cannot use χSSB to study the η′ meson, we can use instanton
methods.

This section is not yet complete– I ran out of time while trying to understand the
background material.

4Note the mass scale of the pions is not nearly degenerate with the kaons or eta, but that is OK because the
pions can be better approximated as the result of Nf = 2 chiral symmetry breaking, which is realized to a better
approximation in the Standard Model due to the u and d quarks being so light.
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